Lightlike manifolds and Cartan geometries by Palomo, Francisco J.
ar
X
iv
:2
00
3.
09
44
8v
1 
 [m
ath
.D
G]
  2
0 M
ar 
20
20
Lightlike manifolds and Cartan Geometries
Francisco J. Palomo ∗
Departamento de Matema´tica Aplicada
Universidad de Ma´laga, 29071-Ma´laga (Spain)
Email address: fpalomo@uma.es
Abstract
Lightlike Cartan geometries are introduced as Cartan geometries modelled on the
future lightlike cone in Lorentz-Minkowski spacetime. Then, we provide an approach to
the study of lightlike manifolds from this point of view. It is stated that every lightlike
Cartan geometry on a manifold N provides a lightlike metric h with radical distribution
globally spanned by a vector field Z. For lightlike hypersurfaces of a Lorentz manifold,
we give the condition that characterizes when the pull-back of the Levi-Civita connection
form of the ambient manifold is a lightlike Cartan connection on such hypersurface. In the
particular case that a lightlike hypersurface is properly totally umbilical, this construction
essentially returns the original lightlike metric. From the intrinsic point of view, starting
from a given lightlike manifold (N, h), we show a method to construct a family of ambient
Lorentzian manifolds that realize (N, h) as a hypersurface. This method is inspired on
the Feffermann-Graham ambient metric construction in conformal geometry and provides
a lightlike Cartan geometry on the original manifold when (N, h) is generic.
Key words: Lightlike manifolds, Cartan connections, Correspondence spaces, Generalized
conformal structures, Fefferman-Graham ambient metric.
1 Introduction
A lightlike metric on a manifold N is a symmetric (0, 2)-tensor h, which is positive but
non-definite, and whose radical Rad(h) := {v ∈ TN : h(v, .) = 0} defines a 1-dimensional
distribution on N (see Definition 4.1). Thus, the radical distribution Rad(h) is the small-
est possible one that assures degeneracy of h at every point. The lightlike manifolds (N,h)
naturally appear as hypersurfaces of Lorentzian manifolds and this was our original moti-
vation. The terminology lightlike manifolds stems from General Relativity where lightlike
hypersurfaces are models of various types of horizons. Roughly speaking, the horizon of a
set A marks the limit of the region of such spacetime controlled by a set A [22, Chap. 14].
Also in General Relativity, the existence of smooth closed achronal totally geodesic lightlike
hypersurfaces (the Null Splitting Theorem) [11, Theor. IV.1 ] has important consequences in
order to obtain rigidity results (see for instance [11, Theor. IV.3 ]). Lightlike hypersurfaces
also appear as characteristic submanifolds for the wave equation on a Lorentzian manifold.
∗The author is partially supported by the Spanish MINECO and ERDF project MTM2016-78807-C2-2-P
and by the Junta Andaluc´ıa and ERDF I+D+I project A-FQM-494-UGR18.
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The existence of the radical distribution Rad(h) in a lightlike manifold (N,h) prevents
from determining a linear connection on N , which is a key difference with the case of semi-
Riemannian manifolds. Thus, there is no distinguished covariant derivative on lightlike man-
ifolds, in general. Moreover, whenever the lightlike manifold is realized as a hypersurface
in a Lorentzian manifold, its normal fiber bundle intersects with the tangent bundle of the
hypersurface. There is no decomposition of the tangent bundle of the ambient Lorentzian
manifold along the immersion and hence, the classical theory of non-degenerate submanifolds
is not applicable in this case.
Let us recall several approaches that have been developed along the years to deal with
such difficulties in the study of lightlike manifolds, with no claim to be exhaustive. As far
as we know, one of the pioneering works is [25] (this article originally appeared in 1963). In
this paper, R. Penrose considered the initial value problem in General Relativity when the
initial hypersurface is lightlike, rather than spacelike. Several points of view with a more
geometric flavour were developed in the seventies (see for instance [27] and [6]). A linear
connection for lightlike hypersurfaces is introduced in [13, 14] by Katsuno. The analysis in
these papers is developed by means of local coordinates with the restriction that ambient
Lorentzian manifold is assumed to be 4-dimensional.
The notion of lightlike hypersurface with base on a spacelike surface appears in [17] where
a regularity condition is assumed. In words of Kossowski, this condition prohibits the lightlike
hypersurface from being too flat (see Example 5.8). In 1996, Bejancu and Duggal introduced
a general geometric technique to deal with lightlike hypersurfaces [3], consisting in the use of
a non-degenerate screen distribution, which has since been used extensively. The geometry
of degenerate submanifolds of semi-Riemannian manifolds of arbitrary signature is also thor-
oughly discussed in [18], where additional geometric structures in the ambient manifold are
considered.
Several of the above mentioned techniques rest on a certain normalization of the lightlike
hypersurface N , in the sense that they assign either a lightlike vector field that does not
belong to the tangent hyperplanes of N , or a spacelike screen distribution on N . These two
normalization methods of a lightlike hypersurface are equivalent. In this direction, methods
of construction of such normalization are presented in [1], the Cartan’s method for dealing
with local equivalence problems has been applied to 3-dimensional lightlike manifolds in [21],
and Lorentzian manifolds (M,g) which admit recurrent lightlike vector fields Z have been
studied in [19]. In this latter particular case, M is foliated by lightlike hypersurfaces (see
Example 5.7).
To round off this overview, we mention two facts that will be relevant for this paper: on
the one hand, the rigidity of the future lightcone in Minkowski space as obtained in [4]; on
the other hand, generalized conformal structures and their relation with lightlike manifolds
as presented in [5], which in particular presents the notion of generic and simple lightlike
manifold that will be useful here (see Sections 2 and 6).
The need for a new point of view could be questioned at the light of such number of works
on lightlike manifolds. Nevertheless, there is another geometrical situation where the light-
like metrics arise naturally, namely, the study of conformal Riemannian geometry. Roughly
speaking, starting with a conformal Riemann manifold (M, [g]), the space of scales N consists
of the rays of metrics y := s2gx on TxM where x ∈ M and s ∈ R>0, [10]. There exists a
natural projection π : N → M . In the terminology of Fefferman and Graham, the tautolog-
ical tensor is the lightlike metric h on N given by h(X,Y ) = s2gx(Tyπ · X,Tyπ · Y ), where
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X,Y ∈ TyN and Tπ is the differential map of π. Then, an ambient metric gL can be defined
so that (M,g
L
) is a Lorentzian manifold that admits (N, h) as an embedded lightlike hyper-
surface. From this point of view, lightlike manifolds play an interesting role linking conformal
Riemannian geometry and Lorentz geometry. The interest in lightlike manifolds within these
theories is purely technical as an intermediate step, whereas in this paper we will reinterpret
these constructions focusing on the lightlike manifold. This interplay has inspired Section 6 of
this paper. The original Fefferman-Graham metric requires certain Ricci-flatness properties
and depends only on the conformal class of Riemannian metrics, thus immediately leading to
a construction for conformal invariants. An in-depth study and several generalisations of this
kind of ideas can be cast in the context of Cartan geometries [7, 8].
A Cartan geometry modelled on a homogeneous space G/H on a manifold M permits to
endow M with a differential geometric structure, whose objects may be thought of as curved
analogs of the homogeneous space G/H, [8] (see Section 3 for a rigorous definition). The
main idea of this paper is to describe the lightlike manifolds as certain Cartan geometries
modelled on a suitable homogeneous model. Two naive questions constitute the starting
point of this paper: 1) Is it possible to find an intrinsic approach to lightlike manifolds? Such
intrinsic approach should rely on reasonable choices with geometric meaning, thus providing
local invariants for lightlike manifolds. 2) Does this intrinsic geometric structure shed some
light on the interplay between lightlike manifolds and another geometric structures? Taking
into account that lightlike hypersurfaces are conformally invariant, a certain invariance under
conformal changes of the ambient Lorentzain metric will be desirable.
This paper is written from the perspective of Cartan geometries and is organized as fol-
lows. The first step tackles the search for the homogeneous model G/H for lightlike manifolds,
which is dealt with in Section 2. The meaning of this homogeneous model for lightlike mani-
folds deserves some elaboration. The homogeneous model N = G/H should be a connected
manifold endowed with a G-invariant lightlike metric h. That is, every left multiplication ℓg
by g ∈ G on N satisfies (ℓg)∗(h) = h. Moreover, for every h-isometry, f : N → N , there
should be an element g ∈ G such that f = ℓg. Finally, a Liouville type theorem should be
satisfied in the sense that every isometry between two open connected subsets of N uniquely
extends to a global isometry of N . The study of the groups of isometries of lightlike mani-
folds in [4] leads our choice of the homogeneous model for lightlike manifolds. The model for
lightlike manifolds will be the (m + 1)-dimensional future lightlike cone Nm+1 in Lorentz-
Minkowski spacetime Lm+2 (Definition 2.1). The future lightlike cone can be described as the
homogeneous space G/H of the Mo¨bius group G = PO(m + 1, 1) where H is isomorphic to
the group of rigid motions of the m-dimensional Euclidean space Em (see Subsection 2.2). We
recall the Liouville type theorem for lightlike geometry [4, Theor. 1.1], which is essential in our
approach and justifies our choice of Nm+1 = G/H as the model for lightlike geometry (see
Corollary 2.4). Section 2 is also devoted to fix some terminology and notations and introduces
the well-known relationship between the future lightlike cone Nm+1 and the Mo¨bius sphere
S
m. This section ends with several algebraical properties of the future lightlike cone Nm+1 as
the Klein geometry G/H, that is, as homogeneous space. We show that G/H is a first order
geometry but there is no reductive decomposition for G/H (Lemma 2.5 and Remark 2.6).
Section 3 leans on [8] to provide an introduction to Cartan geometries and correspondence
spaces. The Maurer-Cartan form of the Mo¨bius group G is described from a geometrical point
of view, by its formulation in terms of the geometry of the future lightlike cone Nm+1 ⊂ Lm+2
(Subsection 3.2). The Lie group G is identified with a fiber subbunde of the fiber bundle
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of linear frames on Nm+1 and then, its Maurer-Cartan form is the pull-back to G of the
Levi-Civita connection form of Lm+2. Thus, the Maurer-Cartan form of G results from
the embedding Nm+1 ⊂ Lm+2. From another point of view, Lm+2 is essentially the above
mentioned ambient space for the conformal sphere (Sm, [g
Sm
]) and Lm+2 can be constructed
from a section of the projection Nm+1 → Sm, (1). These two approaches are summarized
as follows. In the first one, we get the Maurer-Cartan form of G form the given embedding
Nm+1 ⊂ Lm+2. In the second one, we construct an ambient Lorentz manifold starting from
the future lightlike cone Nm+1 and a section of the projection map. These two points of view
will be extended to more general lightlike manifolds in Sections 5 and 6, respectively.
The second step of our programme, developed in Section 4, starts by assuming that there
is a Cartan geometry (p : P → N,ω) on the (m+ 1)-dimensional manifold N of type (G,H),
where Nm+1 = G/H. Then, we construct a unique lightlike metric hω on N as well as a
vector field Zω ∈ X(N) that globally spans the radical distribution of hω (Theorem 4.4). This
result leads to the notion of lightlike Cartan geometry on N (Definition 4.5). This section also
includes both the general (and intrinsic) definition of lightlike manifolds and several special
cases that appear in [5]. Since the homogeneous model Nm+1 is a first order Klein geometry,
the total space P can be identified with all admissible linear frames Qω ⊂ L(N) of the lightlike
manifold (N,hω , Zω), as shown in Equation (22).
Section 4 ends with several comments on the Lie group Aut(Qω, ω) for N a connected
manifold (see definition in Section 3). Every (F, f) ∈ Aut(Qω, ω) satisfies F = Tf , where Tf
is the natural lift of the differential map of f : N → N to Qω ⊂ L(N). The diffeomorphisms
f preserve the lightlike metric hω and the vector field Zω. In general, Aut(Qω, ω) is only a
proper subgroup of the group of diffeomorphisms preserving hω and Zω, since the latter may
even be infinite-dimensional (Corollary 4.11 and Example 4.12).
The third step in the study of Cartan geometries is the most subtle, as well as the most
important. The question arises as to whether Cartan geometries with a fixed homogeneous
model are actually determined by underlying geometric structures on manifolds. This problem
is known as the equivalence problem for the given Cartan geometry. In our setting, this
question is stated as follows. Let (N,h) be a lightlike manifold with radical distribution
spanned by the fixed vector field Z ∈ X(N). Is there a lightlike Cartan geometry (p : P →
N,ω) on N such that the equalities for the lightlike metric hω = h and the vector field
Zω = Z hold? Is there any condition on such lightlike Cartan geometry that permits to
assert its unicity? The complete answer to these questions is not yet ascertained in a general
setting, but Sections 5 and 6 will provide partial answers to the equivalence problem for
lightlike Cartan geometries.
The equivalence problem for lightlike hypersurfaces (N,h,Z) immersed in a given Lorentzian
manifold (M,g) is faced in Section 5. First, we recall the notions of expansion function λ and
null second fundamental form BZ , given by Equations (27) and (28), respectively. In this
situation, Theorem 5.4 and Corollary 5.6 are stated as follows.
The pull-back ω of the Levi-Civita connection from of (M,g) to theH-principal
fiber bundle of admissible linear frames Q is a Cartan connection if and only if
(N,h,Z) is generic and the expansion function λ is nowhere vanishing. In this
case, the lightlike metric hω = h(∇gZ,∇gZ) and the vector field Zω = 1
λ
Z.
If, in addition, (N,h,Z) is totally umbilical in (M,g) with null second funda-
mental form BZ = ρ h¯, then ω is a Cartan connection if and only if the functions
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ρ and λ are nowhere vanishing. In this case, the lightlike metric hω = ρ2 h and
the vector field Zω = 1
λ
Z.
The totally umbilical lightlike hypersurfaces are invariant under conformal changes of the
metric g. Thus, up to a conformal change, Corollary 5.6 gives a partial answer to the equiv-
alence problem for totally umbilical lightlike manifolds. Section 5 also includes conditions to
assert that a generic and expansive lightlike hypersurface is locally isometric to the future
lightlike cone Nm+1 or to the fiber bundle of scales of a conformal Riemannian manifold,
Corollary 5.9.
Section 6 provides a construction method of an ambient Lorentzian manifold (M,g) from
a given lightlike manifold (N,h,Z). In some sense, the expansion proceeds so that the original
lightlike manifold is a hypersurface of the resulting Lorentzian manifold. This construction
is inspired by the ambient metric construction by Fefferman and Graham [10] (see Remark
6.6). The procedure for building an ambient Lorentzian manifold can be summarized as
follows. Without loss of generality, the vector field Z that spans the radical distribution can
be chosen to be complete so, after a rescaling, we get a right multiplicative action of R>0
on Nm+1, (37). We adopt the technical assumptions that this action is free and proper,
which in the case of lightlike hypersurfaces, for instance, are closely related with the causality
properties of the ambient Lorentzian metric (Remark 6.1). In this situation, the orbit space
M = N/R>0 is an m-dimensional smooth manifold that can be physically interpreted as the
light source. Then, from every section Γ :M → N , we give a family of Lorentzian metrics on
M := (−ε,+ε)×M×R>0, which are a generalization of the warped product metrics (Remark
6.2). The original lightlike manifold (N,h,Z) is now realized as an isometric embedding in
M with the expansion function—defined in Equation (27)—chosen as λ = 1. A suitable Ricci
flatness condition reduces the family to a one-parametric subset {gc}c∈R. In this setting, the
following Theorem 6.8 is stated.
Let (Nm+1, h, Z) be a generic lightlike manifold with Z complete. Assume the
R>0-action deduced by the flow of Z given by Equation (37) is free and proper.
Then, for every spacelike section Γ : N/R>0 := M → N and c ∈ R, the pull-back
ωc of the Levi-Civita connection form of gc is a lightlike Cartan geometry on N .
The lightlike metric and the vector field deduced from ωc are hc = h(∇cZ,∇cZ)
and Zc = Z, respectively.
The paper ends with several examples, showing the application to simple and generic lightlike
manifods [5] and to geometric flows.
Needless to say, this paper contains more questions than answers. Several ones have been
mentioned above but we would like to end this introductory section with a summary of such
open questions:
• Is it possible to obtain a geometrical characterization of the family of lightlike manifolds
(N,h,Z) that can be constructed from Theorem 4.4? We tentatively suggest that a
subtle approximation to the notion of lightlike manifolds might be required.
• Is there any underlying geometric structure for lightlike Cartan geometries that stem
from Definition 4.5?
• The group Aut(P, ω) for a lightlike Cartan geometry with N connected is a Lie group,
which is in general only a proper subgroup of Iso(N,h,Z). What is then the geometrical
meaning of Aut(P, ω)?
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• In order to recover the original lightlike metric h on a generic lighlike manifold, the
following question seems natural. Can the Levi-Civita connection in Theorem 6.8 be
replaced by a metric connection with torsion on M so that ∇cZ is the identity endo-
morphism on TN?
2 The guideline example
All the manifolds are assumed to be smooth, Hausdorff and satisfying the second axiom of
countability. We start by considering the well-known relationship between the lightlike cone
in the Lorentz-Minkowski spacetime and the Mo¨bius sphere. A detailed exposition of these
facts can be found in [2] and [8]. In this section we also fix some terminology and notations.
We follow closely the treatment given in [8].
Let Lm+2 be the (m+2)-dimensional Lorentz-Minkowski spacetime, that is, Lm+2 is Rm+2
endowed with the Lorentzian metric 〈 , 〉 = −dx20 +
∑m
i=1 dx
2
i , where (x0, x1, . . . , xm+1) are
the canonical coordinates of Rm+2. Along this paper we assume m ≥ 2, unless otherwise was
stated. The future lightlike cone is the hypersurface given by
Nm+1 = {v ∈ Lm+2 : 〈v, v〉 = 0, v0 > 0} .
Let us consider Nm+1/ ∼ the space of lines spanned by elements in Nm+1 as a subset of the
real projective space RPm+1. The natural projection π : Nm+1 → Nm+1/ ∼ is a principal
fiber bundle with structure group R>0. The vertical distribution V of π is defined at any
v ∈ Nm+1 by the kernel of Tvπ, the differential map of π at v. Under the usual identification,
we have V(v) := Ker(Tvπ) = R ·v ⊂ v⊥ = TvNm+1. An explicit description for the projective
future lightlike cone Nm+1/ ∼ is achieved as follows. Let us consider the m-dimensional unit
sphere Sm ⊂ Em+1 ⊂ Lm+2, where Em+1 denotes the (m + 1)-dimensional Euclidean space
embedded in Lm+2 at x0 = 0. The map x 7→ π(1, x) defines a diffeomorphism between Sm
and Nm+1/ ∼ with inverse π(v0, · · · , vm+1) 7→ 1/v0(v1, · · · , vm+1). Thus, Sm may be view as
the space of lightlike lines in Lm+2 and the projection π reads as
Nm+1 → Sm, (v0, v1, · · · , vm+1) 7→ 1
v0
(v1, · · · , vm+1). (1)
In this picture, the projection π induces an isomorphism Tvπ : v
⊥/(R · v) → Tπ(v)Sm which
satisfies
Tvπ · w = Ts vπ · sw, (2)
for every s ∈ R>0 and w ∈ TvNm+1.
At metric level, the future lightlike cone Nm+1 inherits from the Lorentzain metric 〈 , 〉
a degenerate symmetric bilinear form h whose radical is exactly the 1-dimensional vertical
distribution V. The position vector field Z ∈ X(Nm+1) given by Z(v) = (v)v (where ( )v
denotes the usual identification between TvR
m+2 and Rm+2) spans the vertical distribution
V. Taking into account that v ∈ Nm+1 is a lightlike vector, on every quotient vector space
v⊥/(R · v), the bilinear form 〈 , 〉 induces a (positive definite) inner product, which can be
carried over Tπ(v)S
m by means of Tvπ. If we replace v by sv for s ∈ R>0 and using (2), we
have that the carried bilinear form on Tπ(v)S
m is multiplied by s2. Hence, we get an inner
product up to positive multiples on each tangent space Tπ(v)S
m.
Recall that two Riemannian metrics g and g′ on a manifold M are said to be conformally
related when g′ = e2φg for a smooth function φ on M . The set of all the Riemannian
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metrics of the form e2φg for φ ∈ C∞(M) is called the conformal class [g] of the metric g.
Let g
Sm
be the usual round metric of constant sectional curvature 1 on Sm and [g
Sm
] its
conformal class. The conformal manifold (Sm, [g
Sm
]) is called the Mo¨bius sphere. For any
(spacelike) section σ : Sm → Nm+1 of π given by σ(x) = eφ(x)(1, x), the Riemannian metric
σ∗〈 , 〉 = e2φg
Sm
∈ [g
Sm
]. Conversely, for every metric g ∈ [g
Sm
], there exists a section σ of π
with g = σ∗〈 , 〉.
A Riemannian metric on a manifold M is a section of the fiber bundle of positive definite
symmetric bilinear forms Sym+(TM) on M . Following ideas in [5], the future lightlike cone
Nm+1 can be seem from a different point of view. Namely, every v ∈ Nm+1 with π(v) = x
gives an element c(v) ∈ Sym+(TxSm) requiring that Tvπ : v⊥/(R · v)→ TxSm is an isometry.
Thus, Nm+1 is realized as a (m+1)-dimensional submanifold of Sym+(TSm) and the following
diagram commutes
Nm+1 c−→ Sym+(TSm)
ց ւ
S
m
For every x ∈ Sm, c(π−1(x)) = {s2 g
Sm
|x : s > 0} is the positive ray spanned by gSm at
x ∈ Sm. The triple (Nm+1, h,Z) is our guideline example for the study of lightlike manifolds.
2.1 Nm+1 as homogeneous model for lightlike manifolds
We turn now to the Klein geometry picture of the these facts. That is, we give a description
of the above construction in terms of homogeneous spaces. Let us consider Lm+2 with a fixed
basis B = (ℓ, e1, e2, · · · , em, η) with ℓ ∈ Nm+1 and such that the corresponding matrix to 〈 , 〉
with respect to B is given by
S :=
 0 0 10 Im 0
1 0 0
 ,
where Im is the identity matrix withm-rows. Let O(m+1, 1) = {σ ∈ Gl(m+2,R) : σtSσ = S}
be the pseudo-orthogonal group of signature (m + 1, 1), that is, the Lorentz group. In our
setting, it is better to replace the Lorentz group by the Mo¨bius group PO(m + 1, 1) :=
O(m+1, 1)/{±Id}. In fact, we prefer to consider Sm as the space of lightlike lines Nm+1/ ∼
so that the Lie group PO(m+ 1, 1) acts effectively on Sm.
From now on, let G := PO(m + 1, 1) := O(m + 1, 1)/{±Id} be the Mo¨bius group. For
σ ∈ O(m+ 1, 1), let us denote by [σ] the corresponding element in G. The natural action of
O(m + 1, 1) on Lm+2 leaves the lightlike vectors invariant and induces a transitive smooth
action on the whole lightlike cone
Cm+1 = {v ∈ Lm+2 : 〈v, v〉 = 0, v 6= 0} = (−Nm+1) ∪ Nm+1.
Let Cm+1/Z2 be the quotient identifying antipodal points. Every class [v] = {±v} ∈ Cm+1/Z2
has an unique representative v+ ∈ Nm+1. This property permits to identify Nm+1 with
Cm+1/Z2. Under such identification, the Lie group G acts on the future lightlike cone as
follows
G×Nm+1 → Nm+1, ([σ], v) 7→ λNm+1[σ] (v) := (σv)+. (3)
This action is transitive on Nm+1 and thus we get a diffeomorphism Nm+1 ∼= G/H, where
H is the isotropy subgroup of the element ℓ ∈ Nm+1.
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Definition 2.1. The manifold Nm+1 ∼= G/H is called the (m + 1)-dimensional lightlike
homogeneous model manifold.
The action of the group G descends on Sm ∼= π(Nm+1) by λSm[σ] (π(v)) = π(σv), where π is
given in (1). This action is effective and transitive and we get a diffeomorphism Sm ∼= G/P ,
where P is the isotropy subgroup of π(ℓ). The group P is called the Poincare´ conformal
group. The group G acts on Sm by conformal transformations (see details in [2]) and the
explicit formula is as follows
λS
m
[σ] (x) =
1
σ(1, x)+0
(
σ(1, x)+1 , · · · , σ(1, x)+m+1
)
,
where σ(1, x)+ = (σ(1, x)+0 , · · · , σ(1, x)+m+1) ∈ Nm+1. For m ≥ 2, the Lie group of global
conformal transformations of the Mo¨bius sphere (Sm, [g
Sm
]) is the Mo¨bius group G. Moreover,
form ≥ 3, every conformal transformation betweeen two connected open subsets of (Sm, [g
Sm
])
is the restriction of a left multiplication λS
m
[σ] by an element [σ] ∈ G. This local property does
not hold form = 2. For the case m = 1, every diffeomorphim of the circle S1 gives a conformal
transformation. As a consequence of these rigidity properties, the following Liouville type
theorem for lightlike geometry has been obtained in [4, Theor. 1.1].
Theorem 2.2. For m ≥ 2, the group of (global) isometries Iso(Nm+1, h) is the Mo¨bius group
G acting as in (3).
i) For m ≥ 3, every isometry betweeen two connected open subsets of Nm+1 is the restric-
tion of the action by an element of G.
ii) The group of local isometries of N 3 is the group of local conformal transformations of
S
2.
iii) Every diffeomorphism of the circle S1 corresponds to an isometry of N 2 ⊂ L3.
Remark 2.3. The method of the proof for [4, Theor. 1.1] relies on the following fact. The
lightlike cone (Nm+1, h) is isometric to Sm × R endowed with e2tg
Sm
⊕ 0. This observation
permits to give an explicit group isomorphism between Iso(Nm+1, h) and the group Conf(Sm)
of conformal transformations of Sm as follows.
For technical reasons, we prefer here to identify Nm+1 with Sm × R>0 by meaning of
i : Sm × R>0 → Nm+1, (x, s) 7→ (s, sx), (4)
where we have used canonical coordinates of Rm+2. The bilinear form h and the vector field
Z correspond with ĥ = s2gSm ⊕ 0 and Ẑ = s∂s, respectively. After the suitable change of
variable, it is shown in [4, Theor. 1.1] that f ∈ Iso(Sm × R>0, ĥ) if and only if f(x, s) =
(Φ(x), se−φ(x)) where Φ ∈ Conf(Sm) and Φ∗(g
Sm
) = e2φg
Sm
. For every Φ ∈ Conf(Sm), let
fΦ ∈ Iso(Sm × R>0, ĥ) be given by fΦ(x, s) = (Φ(x), se−φ(x)), as above. The isomorphism is
achieved as follows
Conf(Sm)→ Iso(Sm × R>0, ĥ), Φ 7→ fΦ.
We know that Φ ∈ Conf(Sm) if and only if Φ = λSm[σ] for [σ] ∈ G (m ≥ 2) and the conformal
factor is determined by e2φ(x) = 1/(σ(1, x)+0 )
2.
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The following diagram commutes
S
m × R>0 f
Φ
−−−−→ Sm × R>0
i
y yi
Nm+1 −−−−−→
λN
m+1
[σ]
Nm+1
(5)
In fact, we compute for (x, s) ∈ Sm × R>0,
i
(
fΦ(x, s)
)
= i
(
(Φ(x), se−φ(x))
)
=
(
se−φ(x), se−φ(x)λS
m
[σ] (x)
)
= s(σ(1, x))+ = λN
m+1
[σ] (i(x, s)) .
We also have T(x,s)f
Φ · Ẑ(x, s) = Ẑ(fΦ(x, s)). Therefore, every element of Iso(Nm+1, h)
preserves the vector field Z.
As a consequence of Remark 2.3 and [4, Theor. 1.1], we obtain the following description
of the Klein geometry determined by G on Nm+1.
Corollary 2.4. As Klein geometry Nm+1 ∼= G/H and for m ≥ 2, the left mutiplications by
elements of the Lie group G agree with the diffeomorphisms of Nm+1 preserving h and Z. For
m ≥ 3, every diffeomorphism betweeen two connected open subsets of Nm+1 which preserves
h and Z is the restriction of the left multiplication by an element of G.
2.2 Algebraic description of the model
The elements of the Poincare´ conformal group P correspond with the elements of G of the
form
P =

 λ −λwtg −λ2‖wt‖20 g w
0 0 λ−1
 : λ ∈ R \ {0}, w ∈ Rm, g ∈ O(m)
 ,
where ‖wt‖2 = g
Rm
(w,w) denotes the square of the usual Euclidean norm on Rm [8, Prop.
1.6.3]. The Lie group H corresponds to the elements of P with λ = ±1. The group of rigid
motions of the m-dimensional Euclidean space Em is naturally isomorphic to H. That is, H
can be identified with the semi-direct product Rm ⋊O(m) ∼= Euc(Em) by means of
(
1 0
w g
)
7→
 1 −wtg −12‖wt‖20 g w
0 0 1
 ∈ H. (6)
The Lie group H is a closed normal subgroup of P and P/H ∼= R>0. The natural projection
G/H → G/P, gH 7→ gP
gives a principal fiber bundle with structure group P/H and corresponds to the projection
given in (1).
At Lie algebras level, we have for the Lie algebra g of PO(m+ 1, 1),
g =

 a Z 0X A −Zt
0 −Xt −a
 : a ∈ R,X ∈ Rm, Z ∈ (Rm)∗, A ∈ o(m)
 .
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The decomposition g = g−1 ⊕ g0 ⊕ g1 where
g−1 =

 0 0 0X 0 0
0 −Xt 0
 , g0 =

 a 0 00 A 0
0 0 −a
 , g1 =

 0 Z 00 0 −Zt
0 0 0

defines a grading g, that is, [gi, gj ] ⊂ gi+j, where gk = 0 when k /∈ {−1, 0, 1}. The Lie algebra
of P is given by p = g0 ⊕ g1 and the Lie algebra h is the Lie subalgebra of p determinated
by a = 0 [8, Sec. 1.6.3]. We have g0 = z(g0) ⊕ [g0, g0], where z(g0) is the center of the Lie
algebra g0 and h = [g0, g0]⊕ g1. The quotient vector space g/h can be identified with R×Rm
as follows  a Z 0X A −Zt
0 −Xt −a
+ h 7→ ( a
X
)
∈ R× Rm. (7)
Let us recall that the quotient adjoint representation Ad : H −→ Gl(g/h) is defined as
Ad[σ] : g/h→ g/h, Y + h 7→ Ad[σ](Y ) + h, (8)
where Ad denotes the adjoint representation of G.
In a general setting, let g ⊂ gl(m,R) be a Lie subalgebra. For k = 0, 1, 2, · · · , let gk be
the space of symmetric (k + 1)-multilinear mappings
t : Rm × · · · × Rm → Rm
such that, for each v1, · · · , vk ∈ Rm, the linear transformation v ∈ Rm → t(v, v1, · · · , vk) ∈ Rm
belongs to g. The space gk is called the k-th prolongation of g. If there is a k such that gk = 0,
the Lie algebra g is said to be of finite order k, otherwise g is of infinite type [15, p. 4]. Recall
that g ⊂ gl(m,R) is of infinite type if it contains a matrix of range 1 as an element [15,
Proposition 1.4].
Here are several properties of the homogeneous manifold G/H as a Klein geometry.
Lemma 2.5. 1 Let us consider Nm+1 = G/H the (m+1)-dimensional lightlike homogeneous
model manifold with m ≥ 2. Then,
i) The Lie algebra h does not admit any reductive complement in g.
ii) Under the identification (7), the quotient adjoint representation satisfies
Ad[σ]
(
a
X
)
=
(
a− g
Rm
(w, gX)
gX
)
,
where [σ] =
[
1 −wtg − 1
2
‖wt‖2
0 g w
0 0 1
]
∈ H.
iii) Ad is injective. That is, the Klein geometry G/H is a first order Klein geometry.
iv) The Lie algebra h is of infinite type.
1I am grateful to Professor Cristina Draper for the indications for the proof of this Lemma.
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Proof. Let us assume there is a reductive decomposition g = h ⊕ m, that is, we have
Ad(H)(m) ⊂ m and in particular [h,m] ⊂ m. Consider h0 = [g0, g0] ∼= o(m), which is a
simple Lie algebra. The simplicity of h0 says that every h0-module is completely reducible.
In particular, the three h0-modules, g, h and m, decompose as a direct sum of irreducible
h0-modules. In such decomposition for g,
g = g−1 ⊕ z(g0)⊕ h0 ⊕ g1,
the following h0-modules appear:
• the adjoint module, h0;
• two natural h0-modules, g−1 and its dual, g1, which are isomorphic;
• a trivial one-dimensional h0-module, the center z(g0), spanned by E =
(
1 0 0
0 0 0
0 0 −1
)
.
(E is the grading element).
Also, h = h0 ⊕ g1 provides the decomposition of h as a direct sum of irreducible h0-modules,
one of them of adjoint type and the other one isomorphic to the natural o(m)-module Rm.
Hence, the complement m = m1 ⊕ m2 should be the sum of two irreducible h0-modules, a
trivial module m1 and a natural one m2. This means that m2 ⊂ g1 ⊕ g−1 and that m1 =
z(g0), since it is the unique trivial module in the decomposition of g. Hence E ∈ m. Now,
[E, g1] ⊂ [g0, g1] ⊂ g1 ⊂ h but also [E, g1] ⊂ [m, h] ⊂ m. Thus [E, g1] ⊂ h∩m = 0, which gives
a contradiction since (adE)|gj = j id|gj for j ∈ {−1, 0, 1}. The contradiction comes from our
assumption on the existence of m.
An easy computations shows item ii) and then, item iii) follows immediately. For item
iv), let us consider the Lie algebras isomorphism induced from (6),
euc(Em)→ h,
(
0 0
Z A
)
7→
(
0 Z 0
0 A −Zt
0 0 0
)
.
There are matrices of range 1 in euc(Em) and [15, Proposition 1.4] gives the result.
Remark 2.6. Every Cartan geometry with reductive homogeneous model admits a covariant
derivative [28, Chap. 3]. Moreover, every first-order and reductive Cartan geometry on a
manifold M corresponds to a principal (Ehresmann) connection on a principal fiber bundle
of linear frames on M [28, App. A]. Consequently, the point of Lemma 2.5 is in the assertion:
The Lie algebra h does not admit any reductive complement in g (see Remarks 4.9 and 4.13).
Remark 2.7. For each [σ] ∈ H, we can compute the action of Ad[σ] on the non-reductive
complement g−1 ⊗ z(g0) as follows. For each 1 ≤ i ≤ m, let us consider
Ei =

 0 0 0e¯i 0 0
0 −e¯ti 0

 ∈ g−1, (9)
where (e¯1, · · · , e¯m) is the canonical basis of Rm. For [σ] ∈ H as in Lemma 2.5 ii), straight-
forward computations give
Ad[σ](Ei) =(
−g
Rm
(w, ge¯i) 0 0
ge¯i 0 0
0 −e¯tig
−1 g
Rm
(w, ge¯i)
)
+
(
0 −g
Rm
(w, ge¯i)wt +
1
2
‖wt‖2(ge¯i)t 0
0 g(e¯iwt − we¯ti)g
−1 g
Rm
(w, ge¯i)w −
1
2
‖wt‖2ge¯i
0 0 0
)
and for the grading element E,
Ad[σ](E) = E +
(
0 wt 0
0 0 −w
0 0 0
)
.
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3 Cartan connections and correspondence spaces
In this section, we concisely give an introduction to Cartan connections and correspondence
spaces construction. The general reference here is [8]. Unless otherwise was stated, in this
section G and H are arbitrary Lie groups.
For a principal fiber bundle p : P → M with structure group H, let us denote rσ for the
right translation on P by σ ∈ H and ξX ∈ X(P) for the fundamental vector field coresponding
to X ∈ h = Lie(H). That is,
ξX(u) :=
d
dt
|0(u · exp(tX)).
Let G be a Lie group and H ⊂ G a closed subgroup and let g be Lie algebra of G. A
Cartan geometry of type (G,H) on a manifold M consists of
1. A principal fiber bundle p : P →M with structure group H.
2. A g-valued 1-form ω ∈ Ω1(P, g), called the Cartan connection, such that for every
u ∈ P, σ ∈ H and X ∈ h,
(a) ω(u) : TuP → g is a linear isomorphism,
(b) (rσ)∗(ω) = Ad(σ−1) ◦ ω and
(c) ω(u)(ξX(u)) = X.
For every X ∈ g, the constant vector field ω−1(X) ∈ X(P) is defined by the condition
ω(ω−1(X)(u)) = X for all u ∈ P. Thus we obtain a linear map ω−1 : g → X(P). In general
ω−1 is not a Lie algebras homomorphism, the obstruction to this property is codified in the
curvature form K := dω + 12 [ω, ω] ∈ Ω2(P, g). In an equivalent way, we have
K(ξ, η) = dω(ξ, η) + [ω(ξ), ω(η)], ξ, η ∈ X(P).
A Cartan connection ω is said to be torsion free when K takes values in h. All the information
of K is contained in the curvature function κ : P → Λ2g∗ ⊗ g defined as κ(u)(X,Y ) =
K(ω−1(X)(u), ω−1(Y )(u)). Taking into account thatK is horizontal, that is, K vanishes when
we insert a vertical tangent vector, the curvature function may be view as κ : P → Λ2(g/h)∗⊗g
[8, Lem. 1.5.1].
The first example of Cartan geometry of type (G,H) is the canonical projection p : G→
G/H endowed with the (left) Maurer-Cartan form ωG ∈ Ω1(G, g). This example is called the
homogeneous model for the Cartan geometries of type (G,H). The Maurer-Cartan equation
implies that the homogeneous model of any Cartan geometry has zero curvature [8, Sec.
1.2.4]. In this case, for each X ∈ g, the constant vector field ω−1G (X) is the left invariant
vector field LX on G with LX(e) = X.
A Cartan connection provides a description the tangent fiber bundle of the base manifold
M as follows. Let us consider Ad : H → Gl(g/h) the quotient adjoint representation (8). For
each u ∈ P with p(u) = x ∈ M , there is a canonical linear isomorphism φu : TxM → g/h
such that the following diagram conmutes
TuP ω(u)−−−−→ g
Tup
y yproj.
TxM −−−−→
φu∼=
g/h
with φuσ = Ad(σ
−1)φu for all σ ∈ H. (10)
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There is a canonical isomorphism of vector fiber bundles,
TM ∼= P ×H g/h, (x, v) ∈ TM 7→ [u, φu(v)], (11)
where p(u) = x [28, Theor. 3.15].
An isomorphism of Cartan geometries (p : P → M,ω) and (p′ : P ′ → M ′, ω′) with the
same model (G,H) is a principal fiber bundle isomorphism (F, f)
P F−−−−→ P ′
p
y yp′
M −−−−→
f
M ′
such that F ∗(ω′) = ω. That is, F is a diffeomorphism from P to P ′ (and so is f) such that
F ◦ rσ = rσ ◦ F for all σ ∈ H and F ∗(ω′) = ω. In the particular case that both Cartan
geometries are the same, an isomorphism is called an automorphism. The group Aut(P, ω) of
all automorphisms of the Cartan geometry (p : P →M,ω) over a connected manifold M is a
Lie group (may be with uncountably connected components) and dimension at most dim(G)
[8, Theor. 1.5.11].
A Cartan geometry p : P → M of type (G,H) has curvature form K = 0 if and only if
every point x ∈ M has an open neighborhood U ⊂ M such that (p : p−1(U) → U,ω|U ) is
isomorphic to the restriction of the homogeneous model (G → G/H,ωG) to an open neigh-
borhood of o := eH [8, Prop. 1.5.2].
3.1 Correspondence spaces
Let us recall the construction called correspondence spaces for general Cartan geometries.
This subsection derives from [8, Sec. 1.5.13]. Let (p : P → M,ω) be a Cartan geometry of
type (G,P ) and H ⊂ P a closed subgroup. The correspondence space for H ⊂ P is defined to
be C(M) := P/H. The natural projection π : C(M)→M is a fiber bundle over M with fiber
the homogeneous space P/H and (π : P → C(M), ω) is a Cartan geometry of type (G,H) on
C(M) [8, Prop. 1.5.13]. We have the following commutative diagram
P
ւ ց
C(M) π−→ M
(12)
We get from (11) a description of the tangent fiber bundle of C(M) as P ×
H
(g/h). In these
terms, the vertical distribution of π corresponds to P ×
H
(p/h) ⊂ P ×
H
(g/h) = TC(M)
[8, Prop. 1.5.13]. The corresponding curvature function kC(M) : P → Λ2(g/h)∗ ⊗ g satisfies
kC(M)(u)(X + h, ∗) = 0 for every X ∈ p and u ∈ P.
The following characterization of correspondence spaces [8, Th. 1.5.14] will be used in
Corollary 5.9. Let G be a Lie group and H ⊂ P ⊂ G closed subgroups. Let (π : P → N,ω)
be a Cartan geometry of type (G,H) such that the distribution V(N) := P×H (p/h) ⊂ TN is
integrable. A (local) twistor space for N is a smooth manifoldM together with an open subset
U ⊂ N and a surjective submersion f : U →M such that VxN = Ker(Txf). That is, a (local)
space of leaf for the foliation defined by V(N), [8, Def. 1.5.14]. Let us assume the curvature
function kN : P → Λ2(g/h)∗ ⊗ g satisfies kN (u)(X + h, ∗) = 0 for every X ∈ p and u ∈ P.
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Then, for any sufficiently small local twistor space f : U → M , there is a Cartan geometry
of type (G,P ) on M such that the restricted Cartan geometry (p : p−1(U)→ U,ω|U ) of type
(G,H) is isomorphic to an open subset of the correspondence space C(M). In the case P/H
is connected this Cartan geometry on M is unique.
For example, if we take G the Mo¨bius, P the Poincare´ conformal group and H ⊂ P as in
Section 2 and consider the Cartan geometries G → G/H and G → G/P both endowed with
the Maurer-Cartan form of the Lie group G. Then, the correspondence space for H ⊂ P is
C(Sm) = Nm+1. The diagram (12) reads as follows
G
ւ ց
Nm+1 π−→ Sm
3.2 The Maurer-Cartan form of G
From now on, the groups G,P and H are the Mo¨bius group, the Poincare´ conformal group
and H corresponds to the elements of P with λ = ±1 as in section 2.
We end this section taking a look on the Maurer-Cartan form ω ∈ Ω1(G, g) of the Mo¨bius
group G. We will focus on the geometric description of ω in terms of the lightlike homogeneous
model manifold Nm+1. This point of view will lead us to the construction for more general
lightlike manifolds (Def. (4.1)) in Sections 5 and 6.
Let p : G → G/H = Nm+1 be the projection. For every [σ] = [v|e1| · · · |em|y] ∈ G ([σ] is
written as column vectors), we have p[σ] = v+ ∈ Nm+1. If we write τ : O(m+ 1, 1) → G for
the projection σ 7→ [σ], then we get
T[σ]G =
{
Tστ · ξ : ξ ∈ Mm+2(R), ξtSσ + σtSξ = 0
}
and T[σ]p · Tστ · ξ = ξ0 ∈ Tv+Nm+1, where ξ = (ξ0|ξ1| · · · |ξm|ξm+1). The Maurer-Cartan ω of
the Lie group G is given by
ω[σ] : T[σ]G→ g, Tστ · ξ 7→ σ−1ξ = SσtSξ. (13)
For each 0 ≤ j ≤ m+1, the jth-column of ω[σ](Tστ · ξ) are the coordinates of ξj with respect
to the basis (v+, e1, · · · , em, y) where (v+|e1| · · · |em|y) ∈ [σ].
Following [28, Exercise 3.21] and as a consequence of item iii) in Lemma 2.5, the Lie
group G is identified with an H-principal fiber subbundle of the principal fiber bundle of the
linear frames L(Nm+1) as follows. Let us fix the basis(
(1, 0)t, (0, e¯1)
t, · · · , (0, e¯n)t
)
(14)
for g/h ∼= R× Rm where (e¯1, · · · , e¯m) is the canonical basis of Rm. The admisible frames at
v+ ∈ Nm+1 are (
φ−1[σ] (e¯0), · · · , φ−1[σ] (e¯m)
)
, for all [σ] ∈ G with p[σ] = v+.
The linear isomorphisms φ[σ] : Tv+Nm+1 → g/h are given in (10). Now, it is easy to check
from (13) that
u : G→ L(Nm+1), [σ] 7→ u[σ] = (v+, e1, · · · , em) ⊂ Lv+(Nm+1),
14
where (v+|e1| · · · |em|y) ∈ [σ] is a fiber bundle morphism.
Let γ ∈ Ω1(Lm+2×O(m+1, 1), g) be the (Ehresmann) principal connection corresponding
to the Levi-Civita connection ∇0 of Lm+2. Thus, we have
γ(v, σ) : T(v,σ)
(
L
m+2 ×O(m+ 1, 1)) , (x, ξ) 7→ ω′(ξ),
where ω′ is the Maurer-Cartan form of O(m+1, 1). The inclusion ψ : Nm+1 →֒ Lm+2 is lifted
to
Ψ : G→ Lm+2 ×O(m+ 1, 1), Ψ(v+, e1, · · · , em) =
(
v+, (v+, e1, · · · , em, y)
)
.
Here y ∈ Lm+2 is determined by the condition (v+, e1, · · · , em, y) ∈ O(m+ 1, 1) and the Lie
group G is identified with a subset of L(Nm+1) by means of the fiber bundle morphism u.
Then, the Maurer-Cartan form ω of G satisfies ω = Ψ∗(γ).
Let us denote by −∇0Z is the Weingarten endomorphism corresponding to the normal
vector field Z along the inclusion Nm+1 ⊂ Lm+2. We know that ∇0Z is the identity map on
every TvNm+1. Thus, taking into account that ω = Ψ∗(γ), we can write[
ω[σ](Tστ · ξ)
]
z(g0)
= 〈∇0ξ0Z, y〉 and
[
ω[σ](Tστ · ξ)
]
−1
=
(
〈∇0ξ0Z, e1〉, · · · , 〈∇
0
ξ0
Z, em〉
)t
,
where the subscripts denote the corresponding projection from g on z(g0) and g−1 (compare
with Lemma 5.3). On the other hand, the resulting equality LZh = 2h, where L is the Lie
derivative, implies that the future lightlike cone is generic with expansion function λ = 1, in
the terminology of Section 5. These properties will lead Section 5 for lightlike hypersurfaces.
In section 6, our approach will be intrinsic. That is, a Lorentzian manifold, which con-
tains the lightlike manifold as hypersurface, cannot be a priori given. Nevertheless, under
certain assumptions on the lightlike manifold, an ambient Lorentzian manifold will be con-
structed. Let us explain how it works for the future lightlike cone Nm+1. Thus, we show
how the Lorentz-Minkowski spacetime Lm+2 can be constructed from a section of the trivial
R>0−principal fiber bundle given in (1). This is a very special case of the Fefferman-Graham
ambient metric construction [10]. In fact, the Lorentz-Minkowski spacetime Lm+2 essentially
is the Fefferman-Graham ambient space for the conformal sphere (Sm, [g
Sm
]) as follows. Fix
the section Γ : Sm → Nm+1 given by x 7→ (1, x). This section produces the global trivializa-
tion i given in (4) and Γ∗(h) = g
Sm
. Now, for sufficiently small ε > 0, the product manifold
M = (−ε,+ε) × Sm × R>0 ∼= (−ε,+ε) × Nm+1 is endowed with the Lorentzian metric [10,
Formula 7.12]
g(ρ,x,s) = ds ⊗ d(ρs) + d(ρs)⊗ ds+ s2(1 + ρ/2)2gSm . (15)
The Lorentz metric g satisfies g(∂s, ∂s) = 2ρ, g(∂ρ, ∂ρ) = 0 and g(∂s∂ρ) = s and g is Ricci
flat. The future lightlike cone Nm+1 is isometric to the hypersurface in M at ρ = 0 and the
metric g is also realized as the induced metric from the immersion
α :M→ Lm+2, (ρ, x, s) 7→
(
(1− ρ/2)s, (1 + ρ/2)sx)
)
.
This point of view will be adopted in Section 6.
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4 Lightlike Cartan geometries
Definition 4.1. A lightlike manifold is a pair (Nm+1, h) where N is a (m + 1)-dimensional
smooth manifold withm ≥ 2 and furnished with a lightlike metric h. That is, h is a symmetric
(0, 2) tensor field on N such that
1. h(u, u) ≥ 0 for all u ∈ TyN .
2. Rad(hy) = {u ∈ TyN : h(u,−) = 0} defines a 1-dimensional distribution on N .
The lightlike metric h induces a bundle-like Riemannian metric h on the vector fiber bundle
E := TN/Rad(h) as follows h([u], [v]) = h(u, v) for all u, v ∈ TyN , here the brackets denote
the classes in the quotient space TyN/Rad(hy). The radical distribution Rad(h) is said to
be orientable when there exists a vector field Z ∈ X(N) which globally spans the radical
distribution Rad(h) and we write (N,h,Z) to fix a such vector field Z. In this case, the Lie
derivative LZh provides a well-defined bilinear map on each TyN/Rad(hy), denotes by LZh
and given by LZh([u], [v]) = LZh(u, v). The bundle-like metric h determines a morphism AZ
on the vector fiber bundle E by the condition
LZh([u], [v]) = 2h(AZ [u], [v]) (16)
for all u, v ∈ TyN . Following the terminology in [5], the lightlike manifold (N,h,Z) is said to
be generic when AZ is an isomorphism on E . The genericity condition is independent of the
choice of Z orienting Rad(h).
Every isomorphism D of the vector fiber bundle E on the identity of N produces the new
lightlike metric h
D
(u, v) := h(D[u],D[v]). The lightlike metrics h and h
D
shares the radical
distribution. Under the genericity condition on (N,h,Z), the lightlike metric
hA−1Z
(u, v) = h(A−1Z [u], A
−1
Z [v]) (17)
will have a relevant role in Theorem 5.4 .
Let us denote by Iso(N,h,Z) = {f ∈ Diff(N) : f∗(h) = h and Tf · Z = Z ◦ f}. Taking
into account that Tyf ·Z(y) = Z(f(y)) for all y ∈ N , the differential map Tf induces a vector
fiber bundle morphism Tf : E → E on the map f : N → N . We have f ◦ FlZε = FlZε ◦ f for
small enough ε > 0, where FlZ denotes the flow of the vector field Z. An easy computation
shows that
f∗(LZh)([v], [w]) = d
dε
|ε=0
(
h(Tf(y)Fl
Z
ε · Tyf · v, Tf(y)FlZε · Tyf · w)
)
=
d
dε
|ε=0
(
h(TyFl
Z
ε · v, TyFlZε · w)
)
= 2h(AZ [v], [w]).
That is, we get Tf ◦ AZ = AZ ◦ Tf and therefore, for generic lightlike manifolds (N,h,Z),
we have Iso(N,h,Z) = Iso(N,h
A−1Z
, Z).
Definition 4.2. A local twistor space for (N,h,Z) is a smooth manifold M together with an
open subset U ⊂ N and a surjective submersion π : U → M such that Ker(Tyπ) = Rad(hy)
for all y ∈ U (compare with [8, Def. 1.5.14]).
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Remark 4.3. Since Rad(h) is a 1-dimensional distribution such local twistor spaces π :
U → M always exist. We can pick (U, φ = (s, r1, · · · , rm)) a cubic coordinate system with
φ(U) = (−ε,+ε)m+1 such that Z |U= ∂∂s and h =
∑m
i,j=1 hij dri ⊗drj . In this case, the generic
condition reads as det(
∂hi j
∂s
|1≤i,j≤m) 6= 0. ForM = (−ε,+ε)m, we have (−ε,+ε)×M = U and
every section Γ :M → U endowsM with the Riemannian metric Γ∗(h). In the terminology of
[5], every local twistor space can be view as a generalized conformal structure on the manifold
M . The generic condition holds when LZh = 2τh for τ a nowhere vanishing smooth function
on N . In this case, we have AZ = τ IdE and h has the following local expression
h = exp
(
2
∫
τ ds
) m∑
i,j=1
Cij(r1, · · · , rm) dri ⊗ drj.
Let (N,h,Z) be a lightlike manifold. The set Q ⊂ L(N) of all admissible linear frames of
N is defined as
Q =
{
b = (Z(y), e1, · · · , em) ∈ Ly(N) : y ∈ N, h(ei, ej) = δij
}
. (18)
Thus, Q is a reduction of the structure group Gl(m + 1,R) of L(N) to the Lie group H.
Explicitly, we have
b · [σ] =
(
Z(y),
m∑
i=1
gi1(−wiZ(y) + ei), · · · ,
m∑
i=1
gim(−wiZ(y) + ei)
)
, (19)
where [σ] =
[
1 −wtg − 1
2
‖wt‖2
0 g w
0 0 1
]
∈ H.
4.1 Cartan geometries with model (G,H)
Recall that G = PO(m+ 1, 1) denotes the Mo¨bius group and
H =

 1 −wtg −12‖wt‖20 g w
0 0 1
 : w ∈ Rm, g ∈ O(m)
 .
The quotient vector space g/h is identified with R × Rm as in (7) and furnished with the
lightlike metric
q
(( a
X
)
,
(
b
Y
))
= g
Rm
(X,Y ).
The constant vector field (1, 0)t ∈ X(g/h) spans the radical distribution Rad(q). Moreover, it
follows for all [σ] ∈ H (Lemma 2.5 ii))
q
(
Ad[σ]
(
a
X
)
,Ad[σ]
(
b
Y
))
= q
(( a
X
)
,
(
b
Y
))
and Ad[σ]
(
1
0
)
=
(
1
0
)
.
Theorem 4.4. Every Cartan geometry (p : P → Nm+1, ω) of type (G,H) determines a
lightlike metric hω on the base manifold N and a vector field Zω ∈ X(N) that globally generates
the distribution Rad(hω).
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Proof. Let us fix b ∈ P with p(b) = y ∈ N . We use the linear isomorphism φb : TyN → g/h
given in (10) to transport the bilinear form q to the bilinear form hωb on TyN defined by
hωb (v,w) = q(φb(v), φb(w)). For all [σ] ∈ H, we get
q(φb(v), φb(w)) = q(Ad[σ
−1]φb(v),Ad[σ
−1]φb(w)) = q(φbσ(v), φbσ(w)).
Thus, hωb does not depend on the choice of b ∈ p−1(y) and we write hω. From the commutative
diagram (10), we have that
q(ω(b)(ξ) + h, ω(b)(η) + h) = hω(Tbp · ξ, Tbp · η). (20)
Taking into account that p is a submersion, we get that hω is a smooth tensor and therefore
a lightlike metric on N . The linear isomorphism φb also transports the vector field (1, 0)
t ∈
X(g/h) to X(N) as follows Zωb (y) = φ
−1
b (1, 0)
t ∈ TyN. In fact, we have for all [σ] ∈ H,
Zωb (y) = φ
−1
b
(
1
0
)
= φ−1b Ad[σ]
(
1
0
)
= (φb[σ])
−1
(
1
0
)
= Zωb[σ](y)
and Zωb (y) does not depend on the choice of b ∈ p−1(y) and we write Zω. Since p is a
submersion, to check that Zω ∈ X(N), we only need to show that Zω ◦ p : P → TN is
smooth. According to the definition, we have
Zω(p(b)) = Tbp · ω(b)−1(E), (21)
where E =
(
1 0 0
0 0 0
0 0 −1
)
∈ g. That is Zω ◦ p = Tp ◦ ω−1(E), for ω−1(E) ∈ X(P) the constant
vector field corresponding to E. Therefore, Zω is a smooth vector field on N and clearly
spans the radical distribution of hω.
Definition 4.5. A Cartan geometry (p : P → N,ω) modeled on (G,H) is said to be a
lightlike Cartan geometry on N .
Given an isomorphism (F, f) of lightlike Cartan geometries (p : P → N,ω) and (p′ : P ′ →
N ′, ω′), it is easily deduced that f∗(hω
′
) = hω and Tf · Zω = Zω′ ◦ f . The converse is not
true, in general (see Corollary 4.11 and Example 4.12).
Corollary 4.6. Let (π : P → M,ω) be a Cartan geometry with model (G,P ) and consider
the correspondence space C(M) = P/H for H ⊂ P . Then, (p : P → C(M), ω) is a lightlike
Cartan geometry on C(M).
Remark 4.7. A Cartan geometry (π : P →M,ω) with model (G,P ) determines a Rieman-
nian conformal structure [g] on the base manifold M (see for instance [28, Lemma 7.2.3]).
Once we fix a representative g ∈ [g], we obtain a global trivialization of C(M) ∼= M × R>0.
In terms of this identification, the lightlike metric in Corollary 4.6 reads as hω = s2g ⊕ 0
and the radical distribution is spanned by Zω = s∂s, [10]. Fefferman and Graham call this
lightlike metric hω as the tautological symmetric 2-tensor [10]. The correspondence space
C(M) can also be identified with the fiber bundle of scales of the conformal manifold (M, [g])
[8, Section 1.6.5]. As well as the case of the future lightlike cone, we have Ls∂shω = 2hω and
so (C(M), hω , s∂s) is generic.
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Remark 4.8. On other matters, Liouville type theorem for lightlike geometry [4] seems to
indicate that lightlike Cartan geometries on 3-dimensional manifolds play a special role. Let
us recall that a Mo¨bius structure on a conformal Riemannian surface (M, [g]) is a map
[g]→ T(0,2(M), g 7→ P g
such that P g is symmetric, tracegP
g = Kg, where Kg denotes the Gauss curvature of g, and
the following conformal transformation law is satisfied P e
2σg = P g − 12‖∇gσ‖2gg−Hessg(σ) +
dσ ⊗ dσ, [26]. The Mo¨bius structure plays the role of the Schouten tensor for dimension
m = 2. Although may be interesting to relate 3-dimensional lightlike manifolds with Mo¨bius
structures on conformal Riemannian surfaces, this is out of the scope of this paper. For
example, a Mo¨bius structure can be obtained from certain Weingarten endomorphism for
spacelike surfaces through the future lightlike cone N 3 (see details in [23]).
Let (p : P → N,ω) be a lightlike Cartan geometry on N and Qω the set of admissible
linear frames given in (18) for the lightlike manifold (N,hω , Zω) in Theorem 4.4. Following
[28, Exercise 3.21] and Lemma 2.5 iii), the total space P can be identified with the set of all
admissible linear frames Qω by means of the following fiber bundle isomorphism
P → Qω, b 7→
(
Zω(p(b)), φ−1b
(
0
e¯1
)
, · · · , φ−1b
(
0
e¯m
))
(22)
where
(
(1, 0)t, (0, e¯1)
t, · · · , (0, e¯n)t
)
is the fixed basis for g/h ∼= R × Rm in (14). Hence Qω
inherits an action of H on the right by means of (22) as follows [28, Exercise 3.21],(
Zω(p(b)), φ−1b
(
0
e¯1
)
, · · · , φ−1b
(
0
e¯m
))
·[σ] =
(
Zω(p(b)), φ−1
b[σ]
(
0
e¯1
)
, · · · , φ−1
b[σ]
(
0
e¯m
))
for all [σ] ∈ H. A direct computation from Lemma 2.5 shows that
φ−1
b[σ]
(
0
e¯j
)
= φ−1b ◦Ad[σ]
(
0
e¯j
)
= φ−1b
( −g
Rm
(w, ge¯j)
ge¯j
)
=
(
m∑
i=1
gij
(− wiZ(p(b)) + ei)
)
,
where [σ] =
[
1 −wtg − 1
2
‖wt‖2
0 g w
0 0 1
]
∈ H and φ−1b
(
0
e¯i
)
= ei for all 1 ≤ i ≤ m. Therefore, (22)
defines a H-principal fiber bundle isomorphism with the action on Qω given in (19). In the
sequel, we omit this identification and write (p : Qω → N,ω) for a lightlike Cartan geometry
on the manifold N . The Cartan connection is now view as ω ∈ Ω1(Qω, g).
We end this Section looking for a description for the Lie group Aut(Qω, ω) when the base
manifold N is connected. To start with, let us recall the soldering form θ ∈ Ω1(L(N),Rm+1)
given by θ(u)(ξ) = u−1(Tup · ξ) for all ξ ∈ TuL(N). The soldering form θ is Gl(m + 1,R)-
equivariant. That is, for all u ∈ L(N), g ∈ Gl(m+ 1,R) and ξ ∈ TuL(N) we have,
θ(u · g)(Turg · ξ) = g−1 ◦ θ(u)(ξ), (23)
where rg is the action on the right by g on L(N). The soldering form θ is induced on Qω and
(θ |Qω)(b)(ξ) := b−1(Tbp · ξ) = proj ◦ ω(b)(ξ), (24)
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where ξ ∈ TbQω, proj : g → g/h is the natural projection and g/h ∼= R × Rm as in (7).
Therefore, the Cartan connection ω can be written as
ω = (θ |Qω)⊕ ω[g0,g0] ⊕ ω1,
where the subscripts denote the projections from g on [g0, g0] and g1, respectively.
For every smooth map f : N → N , we denote by Tf the lift Tf : L(N)→ L(N) deduced
from the tangent map of f . That is
Tf · u := (Tyf · v1, Tyf · v2, · · · , Tyf · vm+1),
for u = (v1, · · · , vm+1) a linear frame at y ∈ N . The following argument is a slight variation
of [8, Remark 1.5.3], we include it here for the sake of completeness. Let (F, f) be an auto-
morphism of the lightlike Cartan geometry (p : Qω → N,ω). The condition F ∗(ω) = ω and
(24) imply F ∗(θ |Qω) = θ |Qω . Thus, for every ξ ∈ TbQω with p(b) = y, one has
b−1(Tbp · ξ) = θ(b)(ξ) = θ(F (b))(TbF · ξ) = F (b)−1(TF (b)p · TbF · ξ) = F (b)−1(Tyf · Tbp · ξ).
Taking into account that p is a submersion, we get b−1(v) = F (b)−1(Tyf · v) for all v ∈ TyN
which implies F = Tf .
Let (p : Qω → N,ω) be a lightlike Cartan geometry on a connected manifold N . For every
(Tf, f) ∈ Aut(Qω, ω), the condition Tf : Qω → Qω directly gives that f ∈ Iso(N,hω, Zω). In
this way, we get the group homomorphism
β : Aut(Qω, ω)→ Iso(N,hω, Zω), (Tf, f) 7→ f. (25)
The map β is not an isomorphism, in general (see Example 4.12).
Remark 4.9. The distribution H = ω−1 (g−1 ⊕ z(g0)) ⊂ TQω is complementary to the
vertical distribution V of p : Qω → N . Nevertheless, H does not give a (Ehresmann) principal
connection. In fact, for every b ∈ Qω, ξ ∈ H(b) and [σ] ∈ H, we have
ω(b[σ])
(
Tbr
[σ] · ξ
)
= Ad[σ]−1 [ω(b)(ξ)] ⊂ Ad[σ]−1 (g−1 ⊕ z(g0)) .
Therefore, H is a principal connection if and only if m = g−1⊕z(g0) is a reductive complement
of h, and we know from Lemma 2.5 that a such complement does not exist.
The distribution H is a general connection on p : Qω → N [8, Sect. 1.3.2]. Therefore, we
can consider the horizontal lift V hor of a vector field V ∈ X(N). For each 1 ≤ i ≤ m, let us
consider the constant vector field ω−1(Ei) ∈ X(Qω) for Ei ∈ g−1 given in (9). The distribution
H is globally spanned by the set of constant vector fields {ω−1(E), ω−1(E1), · · · , ω−1(Em)}.
For every y ∈ N and b = (Z(y), e1, · · · , em) ∈ Qω, we have Tbp·ω−1(Ej)(b) = ej for 1 ≤ j ≤ m.
On the other hand, we know from (21) that Tbp · ω−1(E)(b) = Z(y).
The curvature of the general connection H is defined by R(ξ, η) = −V[H(ξ),H(η)] for
ξ, η ∈ X(Qω), where V and H also denotes the projections according to the decomposition
TQω = V ⊕ H [8, Sect. 1.3.2]. From the Frobenious Theorem, the condition R = 0 codifies
the integrability of the distribution H. The complete information about R is contained in
R(ω−1(Ei), ω
−1(Ej)) = −V[ω−1(Ei), ω−1(Ej)], 0 ≤ i, j ≤ m,
where E0 = E is the grading element.
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Lemma 4.10. Let (p : Qω → N,ω) be a lightlike Cartan geometry. Then, for every f ∈
Iso(N,hω , Zω), the lift F = Tf : Qω → Qω preserves the distribution H if and only if
TF · ω−1(Ej) = ω−1(Ej) ◦ F, 0 ≤ j ≤ m. (26)
Proof. Assume F preserves the distribution H. That is, for every b ∈ Qω with p(b) = y, there
are real numbers aji such that
TbF · ω−1(Ej)(b) =
m∑
i=0
aji ω
−1(Ej)(F (b)).
This implies that Tyf · ej =
∑m
i=0 aji Tyf · ej and so aji = δji. Therefore equation (26) holds.
The other implication is obvious
Corollary 4.11. Given a lightlike Cartan geometry (p : Qω → N,ω), we have
Aut(Qω, ω) = {f ∈ Iso(N,hω , Zω) : F = Tf preserves the distribution H} .
Proof. For every (Tf, f) ∈ Aut(Qω, ω), we know that f ∈ Iso(N,hω, Zω) from (25). On the
other hand, [8, Lemma 1.5.2] implies that F := Tf preserves all constant vector fields, in
particular TF · ω−1(Y ) = ω−1(Y ) ◦ F for Y ∈ g−1 ⊕ z(g0) and F preserves the distribution
H. Conversely, consider f ∈ Iso(N,hω , Zω), then it is clear that F := Tf : Qω → Qω and
F (b · σ) = F (b) · σ for all u ∈ Qω and σ ∈ H. Hence, F is a H-principal fiber bundle
morphism. This gives TbF · ξX(b) = ξX(F (b)) for every X ∈ h and so ω(F (b))(TbF · ξX(b)) =
ω(b)(ξX(b)) = X. That is, F pulls back ω to ω on the vertical distribution of p : Q
ω → N .
Now, the condition TF ·ω−1(Y ) = ω−1(Y ) ◦F for every Y ∈ g−1⊕ z(g0) follows from Lemma
4.10 and thereofre, [8, Lemma 1.5.2] ends the proof.
It would be desirable a description of the condition F preserves the distribution H in terms
of the lightlike manifold (N,hω , Zω).
Example 4.12. There are lightlike manifolds (N,h,Z) with Iso(N,h,Z) infinite-dimensional.
The following example is taken from [4], where the authors include a deep discussion on the
isometry group of a lightlike manifold. They call the following one as the most flexible example.
Let us consider Rm+1 = R⊕ Rm with canonical coordinates (x0, · · · , xm) and endowed with
the lightlike metric h = 0 ⊕ g
Rm
. The vector field Z = ∂
∂x0
spans the radical distribution of
h. The group of isometries of h is infinite-dimensional. Even more, we have
Iso
(
R
m+1, h,
∂
∂x0
)
=
{
f = (f0, · · · , fm) ∈ Diff(Rm+1) : ∂f0
∂x0
= 1,
∂fi
∂x0
= 0 , 1 ≤ i ≤ m, τ = (f1, · · · , fm) ∈ Euc(Em)
}
.
The lightlike manifold (Rm+1, h, ∂
∂x0
) can also be constructed from a Cartan lightlike
geometry by mean of Theorem 4.4 as follows. The set Q of admissible linear frames for
(Rm+1, h, ∂
∂x0
) is a trivial principal H-fiber bundle on Rm+1. Let us fix the following trivial-
ization Q ∼= Rm+1 ×H,( ∂
∂x0
|x, a1 ∂
∂x0
|x +
m∑
i=1
gi1
∂
∂xi
|x, · · · , am ∂
∂x0
|x +
m∑
i=1
gim
∂
∂xi
|x
)
7→ (x, [σ] = [ 1 at − 12 ‖at‖20 g −ga
0 0 1
])
,
21
where at = (a1, · · · , am) and g = (gij) ∈ O(m). Thus, the canonical action on the right of
H ⊂ Gl(m+ 1,R) on Q reduces to the trivial action on the right of H on Rm+1 ×H.
Let ω ∈ Ω1(Q, g) be given by
ω(x, [σ])
(
(r, Y )t, ξX [σ]
)
= Ad[σ−1]
(
r 0 0
Y 0 0
0 −Y t −r
)
+X,
where (r, Y )t ∈ TxRm+1 ∼= Rm+1, X ∈ h and [σ] ∈ H. It follows that (p : Q→ Rm+1, ω) is a
lightlike Cartan geometry on Rm+1 with hω = h and Zω = ∂
∂x0
.
We claim that
Aut(Q,ω) =
{
f ∈ Diff(Rm+1) : f(x) = (x0 + c, τ(x1, · · · , xm)), c ∈ R, τ ∈ Euc(Em)}.
Indeed, for every f ∈ Iso(Rm+1, h, ∂
∂x0
) with f = (f0, τ) and τ =
(
1 0
v A
) ∈ Euc(Em), a
straightforward computation gives
Tf : Q→ Q, (x, [σ]) 7→
(
f(x),D(x, τ)[σ]
)
, where D(x, τ) =
[
1 (∇0f0)tx −
1
2
‖(∇0f0)tx‖
2
0 A −A(∇0f0)x
0 0 1
]
and (∇0f0)t = ( ∂f0∂x1 , · · · ,
∂f0
∂xm
). The map F = Tf preserves the action on the right of H on
Q. Hence, the condition (F, f) ∈ Aut(Q,ω) reduces to
ω
(
f(x),D(x, τ)[σ]
)(
Txf · (r, Y )t, 0
)
= Ad[σ−1]
(
r 0 0
Y 0 0
0 −Y t −r
)
for all (r, Y )t ∈ TxRm+1 and [σ] ∈ H. In other words, we have
Ad(D(x, τ))
(
r 0 0
Y 0 0
0 −Y t −r
)
=
(
r +
∑m
i=1 Yi
∂f0
∂xi
|x 0 0
AY 0 0
0 −Y tAt −r −
∑m
i=1 Yi
∂f0
∂xi
|x
)
,
for all (r, Y )t ∈ TxRm+1 and [σ] ∈ H. This equation holds if and only if ∇0f0 = 0, that is,
there is c ∈ R with f0(x) = x0 + c.
Remark 4.13. According to [15, Theorem 5.1], for every G-structure P ⊂ L(N) on a con-
nected n-dimensional manifold M with g ⊂ gl(n,R) of finite type, the group Aut(P ) of
automorphisms of P is a Lie group. Given a lightlike manifold (N,h,Z), the corresponding
H-principal fiber bundle Q ⊂ L(N) given in (18) satisfies Aut(Q) = Iso(N,h,Z). Hence, from
Lemma 2.5 iv), the existence of examples with Iso(N,h,Z) infinite dimensional was expected.
5 Lightlike hypersurfaces
The following two sections show methods to construct lightlike Cartan geometries from given
lightlike manifolds. This section deals with the case of lightlike hypersurfaces.
The lightlike manifolds naturally appear as hypersurfaces of Lorentzian manifolds. That
is, we have an immersion ψ : (Nm+1, h)→ (Mm+2, g) where (M,g) is a Lorentzian manifold
and the lightlike metric h = ψ∗(g). The Levi-Civita connection ∇g of (M,g) gives rise to the
induced connection ∇g : X(N)×X(N)→ X(N), where X(M) is the set of vector fields along
the immersion ψ, [22, Chap. 4]. Assume there is a vector field Z ∈ X(N) which globally
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spans the radical distribution Rad(h). Following [12], the integral curves of the vector field
Z, when suitably parameterized, are lightlike geodesics in M . That is, there is a smooth
function λ ∈ C∞(N) such that
∇gZZ = λZ. (27)
The function λ is called the expansion function of (N,h,Z)) in (M,g).
In [11], the null-Weingarten map with respect to Z is defined as the linear map
[∇gZ] : TyN/Rad(hy)→ TyN/Rad(hy), [v] 7→ [∇gvZ].
Moreover, [∇gZ] : E → E is self-adjoint with respect to the bundle-like Riemannian metric h.
The null second fundamental form BZ is defined by
BZ([u], [v]) = h([∇gZ][u], [v]). (28)
Since [∇gZ] is self-adjoint, BZ is symmetric [11], [12]. The lightlike hypersurface is said to be
totally umbilical when there is a smooth function ρ on N such that BZ = ρ h¯ and properly
totally umbilical when the function ρ is nowhere vanishing. The geometric meaning of totally
umbilicity is analyzed in [24].
For lightlike hypersurfaces, the endomorphisms field AZ on E determined in (16) satisfies
LZh([u], [v]) = 2h(AZ [u], [v]) = 2BZ([u], [v]), (29)
and we get AZ = [∇gZ]. Therefore, the lightlike hypersurface (N,h,Z) is generic if and only
if the null-Weingarten map [∇gZ] : E → E is a vector fiber bundle isomorphism. Whereas
∇gZ : TN → TN is a vector bundle isomorphism if and only if to the generic condition we
add the expansion function λ is nowhere vanishing.
Assume (Mm+1, g) is a timelike oriented Lorentzian manifold and fix a globally defined
timelike vector field T ∈ X(M). Let ψ : (Nm+1, h)→ (Mm+2, g) be a lightlike hypersurface.
In this case, there always exists Z ∈ X(N) which spans the distribution Rad(h).
Definition 5.1. A lightlike hypersurface ψ : (Nm+1, h, Z) → (Mm+2, g) as above is said to
be causally oriented when the vector field Z ∈ X(N) satisfies at all y ∈ N
g (Tyψ · Z(y),T(ψ(y))) < 0.
There is no loss of generality in assuming ψ : (Nm+1, h, Z)→ (Mm+2, g) is a causally oriented
lightlike hypersurface.
Let O+(M) be the set of all time-oriented g-admissible linear frames on M . That is,
u ∈ O+(M) whenever
u = (ℓ+, w1, · · · , wm, ℓ−) ∈ Lx(M), x ∈M,
where for all 1 ≤ i, j ≤ m, we have g(wi, wj) = δij , g(wi, ℓ+) = g(wi, ℓ−) = g(ℓ+, ℓ+) =
g(ℓ−, ℓ−) = 0, g(ℓ+, ℓ−) = 1 and ℓ+ is future pointed, that is g(ℓ+,T(x)) < 0.
Let O+(m + 1, 1) ⊂ O(m + 1, 1) be the subgroup of the Lorentz group preserving the
future cone Nm+1. That is, σ = (v|e1| · · · |em|y) ∈ O+(m + 1, 1) if and only if v ∈ Nm+1.
The Mo¨bius Lie group G = PO(m+1, 1) can be identified with O+(m+1, 1) ⊂ Gl(m+2,R)
by means of
G→ O+(m+ 1, 1), [σ] 7→ σ+,
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where σ+ ∈ [σ] is the unique representative with σ+ ∈ O+(m+1, 1). In this way, the Mo¨bius
Lie group G = PO(m + 1, 1) acts on the right on O+(M) ⊂ L(M). The natural projection
π : O+(M)→M is a principal fiber bundle with structure group G and O+(M) is a reduction
of the structure group Gl(m+ 1,R) on L(M) to G.
Given Q ⊂ L(N), the set of all admissible linear frames of N in (18), the immersion ψ is
lifted to Ψ := Tψ : Q→ O+(M) as follows
Ψ(b) = Ψ (Z(y), e1, · · · , em) =
(
Tyψ · Z(y), Tyψ · e1, · · · , Tyψ · em, η(b)
)
(30)
where η(b) ∈ Tψ(y)M is determined by the condition Ψ(b) ∈ O+(M). In this way, we get a
map from Q to the lightlike vectors of M
η : Q→ TM, b 7→ η(b). (31)
It is a straightforward computation to show that (Ψ, ψ) is an homomorphism of principal
fiber bundle with group homomorphism the inclusion H ⊂ G. That is, Φ(b · h) = Φ(b) · h for
all h ∈ H, b ∈ Q and the following diagram commutes.
Q
Ψ−−−−→ O+(M)
p
y yπ
N −−−−→
ψ
M
A standard argument for immersions shows.
Lemma 5.2. For every b ∈ Q with p(b) = y, there are local sections s : W → Q and
τ : U → O+(M) such that s(y) = b, ψ(W ) ⊂ U and Ψ ◦ s = τ ◦ ψ on W .
Proof. We can pick (U, φ = (r0, r1, · · · , rm, rm+1)) a cubic coordinate system centered at
ψ(y0) ∈M such that ψ(N)∩U consists only of the slice rm+1 = 0. Let s be a local section of
Q on an open set y ∈W ⊂ N with ψ |W one-to-one and s(y) = b. Assume U has been chosen
small enough so that ψ(W ) = ψ(N)∩U and there exists a local section τˆ : U → O+(M). Let
us consider the map a : W → G determined by the equation Ψ ◦ s = ra ◦ τˆ ◦ ψ. The map a
can be extended to all U as follows
aˆ : U → G, aˆ(x) = (a ◦ ψ−1)
[
φ−1
(
r0(x), r1(x), · · · , rm(x), 0
)]
.
Then, the section τ := raˆ ◦ τˆ on U has the stated properties.
Let γg ∈ Ω1(O+(M), g) be the (Ehresmann) principal connection form corresponding
to the Levi-Civita connection ∇g. Recall that γg is given in terms of the covariant dif-
ferentation ∇g as follows. For every u ∈ O+(M) and V ∈ TuO+(M), take a local section
τ = (ℓ+, E1, · · · , Em, ℓ−) on an open set U ⊂ M around x = π(u) with τ(x) = u. We have
the decomposition TuO
+(M) = Im(Txτ)⊕ V(u) where V(u) denotes the vertical distribution
of the fiber bundle π : O+(M)→M . Then, writing V = Txτ ·w+ξY (u) with Y ∈ o(m+1, 1),
we have
γg(u)(V ) =
 g(∇gwℓ+, ℓ−) Z 0X A −Zt
0 −Xt −g(∇gwℓ+, ℓ−)
+ Y ∈ g, (32)
where X = (g(∇gwℓ+, E1), · · · , g(∇gwℓ+, Em))t, Z = (g(∇gwE1, ℓ−), · · · , g(∇gwEm, ℓ−)) and
A =
(
g(Ei,∇gwEj)
)
1≤i, j≤m
∈ o(m).
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Lemma 5.3. Let ω := Ψ∗(γg) ∈ Ω(Q, g) be the pull back of the Levi-Civita connection form.
For every b = (Z(y), e1, · · · , em) ∈ Q and ξ ∈ TbQ, let s be any local section of p : Q → N
around y ∈ N with s(y) = b. Then, we have
[ω(b)(ξ)]z(g0) = g(Tyψ · ∇
g
vZ, η(b)) and [ω(b)(ξ)]−1 =
(
h
(
∇gvZ, e1
)
, · · · , h
(
∇gvZ, em
))t
,
where ξ = Tys · v + ξY (b) ∈ TbQ, Y ∈ h, and the subscripts denote the projections from g on
z(g0) and g−1, respectively.
Proof. Assume local sections s = (Z,F1, · · · , Fm) and τ = (ℓ+, E1, · · · , Em, ℓ−) as in Lemma
5.2. Then, we have ℓ+ ◦ ψ = Tψ ◦ Z and ℓ− ◦ ψ = η ◦ s on W ⊂ N where the map η is given
in (31). Now, the proof is a straightforward computation from (32).
Theorem 5.4. Let ψ : (N,h,Z) → (M,g) be a causally oriented lightlike hypersurface of a
Lorentzian manifold (M,g). Then ω := Ψ∗(γg) ∈ Ω1(Q, g) is a Cartan connection if and only
if ∇gZ is a vector fiber bundle isomorphism. That is, (N,h,Z) is generic and the expansion
function λ given in (27) is nowhere vanishing. In this case, the lightlike metric hω and the
vector field Zω deduced from ω by means of Theorem 4.4 satisfy
hω
[∇gZ]−1
= h and Zω =
1
λ
Z,
where hω
[∇gZ]−1
is given in (17).
Proof. Taking into account that γg is a principal connection and (Ψ, ψ) a principal fiber
bundle morphism, one easily shows that ω is H-equivariant and reproduces the generators of
the fundamental vector fields. That is, items b) and c) in the definition of a Cartan connection.
Therefore, the only non-trivial assertion is the equivalence between the regularities of ∇gZ
and ω(b) : TbQ → g for every b ∈ Q. We have that ω reproduces the generators of the
fundamental vector fields and therefore Im(ω(b)) ⊇ h. In light of this argument, one has to
check that ∇gZ is a vector bundle isomorphism if and only if g−1 ⊕ z(g0) ⊂ Im(ω(b)). Let
s be a local section of p : Q → N around y ∈ N with s(y) = b = (Z(y), e1, · · · , em). Then,
Lemma 5.3 gives
ω(b)(Tys · Z(y)) = λ(y)E 6= 0 (33)
and so z(g0) ⊂ Im(ω(b)). Moreover, for every v ∈ TyN , we also have from Lemma 5.3
[ω(b)(Tys · v)]−1 =
(
h
(
∇gvZ, e1
)
, · · · , h
(
∇gvZ, em
))t
. (34)
Thus, it is easily seen that the generic condition implies g−1 ⊂ Im(ω(b)). The proof for the
converse is similar and it also follows from Lemma 5.3.
Assume now (p : Q → N,ω = Ψ∗(γg)) is a lightlike Cartan geometry on N . From (20)
and (34), we get for the lightlike metric hω,
hω(u, v) =
m∑
i=1
h(∇guZ, ei)h(∇gvZ, ei) = h(∇guZ,∇gvZ), u, v ∈ TyN, (35)
which implies hω
[∇
g
Z]−1
= h, Finally, from (21) and (33), we have Zω(y) = Tbp · ω(b)−1(E) =
1
λ(y)Z(y).
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Remark 5.5. Under the assumption of Theorem 5.4, there are two different lightlike metrics
h and hω on N , in general. The lightlike metrics h and hω agree if and only if [∇gZ] : E → E
is a h-isometry but h and hω share the radical distribution. The principal fiber bundle Qω
given in (22) may also be different from Q. In spite of this situation, Qω and Q are isomorphic
as H-principal fiber bundles on N . In fact, it follows from (35) that ∇gZ(Qω) = Q, where
∇gZ(u) := (Z(y),∇gu1Z, · · · ,∇
g
u1
Z) ∈ Q for every u = (Zω(y), u1, · · · , um) ∈ Qω. These facts
are summarized as follows
(N,h,Z)
Th.5.4−→
(
p : Q→ N,ω = Ψ∗(γg)
)
Th.4.4−→
(
N,hω, Zω =
1
λ
Z
)
.
Corollary 5.6. Let ψ : (N,h,Z) → (M,g) be a totally umbilical causally oriented lightlike
hypersurface of a Lorentzian manifold (M,g) with BZ = ρ h¯. Then ω = Ψ
∗(γg) ∈ Ω1(Q, g) is
a Cartan connection if and only if the functions ρ and the expansion λ are nowhere vanishing.
In this case, the lightlike metric hω and the vector field Zω deduced from ω are hω = ρ2 h and
Zω = 1
λ
Z, respectively.
Example 5.7. Lorentzian manifolds (M,g), with a recurrent lightlike vector field Z, are
considered in [19]. In this case, there is a 1-form α on M such that ∇gZ = α ⊗ Z. The
manifold M is foliated by the lightlike hypersurfaces Z⊥. For every f ∈ C∞(M), let us
consider the conformally related metric ĝ = e2fg. The induced connection ∇ĝ on each lightlike
hypersurface Z⊥ satisfies
∇ĝV Z = α(V )Z + V (f)Z + Z(f)V, V ∈ X(Z⊥).
The null Weingarten map is [∇ĝZ] = Z(f) ·IdE and the expansion function λ = α(Z)+2Z(f).
Thus, Corollary 5.6 applies to the every lightlike hypersurface Z⊥ where Z(f) and α(Z) +
2Z(f) are never vanishing functions.
Example 5.8. The notion of lightlike hypersurface N with base M2 in L4 was introduced in
[17] as a smooth map i :M × R = N → L4 (nonimmersive on a set S(i)) such that
1. For all y ∈ N − S(i) the induced metric i∗〈 , 〉 is lightlike.
2. The fibers of π : N − S(i)→M are lightlike geodesics.
3. There exists a smooth spacelike section r of π : N →M which does not intersect S(i).
Let us consider the upper half lightlike hypersurface (N+ − S(i), h := i∗(g), Z = t∂t) with
N+ =M ×R>0. Given a frame (Z(y), v1, v2) of TyN , Kossowski sets the following curvature
quantity [17, Def. 5] (a normalization condition on Z is added in [17])
K(y) :=
det h(∇0viZ, vj)
det h(vi, vj)
.
The generic condition is satisfied if and only if K is a nowhere vanishing function. Moreover,
the above condition 2) on the fibers of π is equivalent to ∇0∂t∂t = 0 and hence λ = 1. The
notion of lightlike hypersurfaceN with baseM can be extended to general ambient Lorentzian
manifolds in a natural way.
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Recall that the curvature of the principal connection form γg ∈ Ω1(O+(M), g) is defined
by Ω = dγg + 1/2[γg , γg] ∈ Ω2(O+(M), g). For tangent vectors v,w ∈ TxM and u ∈ O+(M)
with π(u) = x, the Riemann curvature tensor Rg is determined by
Rg(v,w) = u
[
Ω(v∗, w∗) ◦ u−1
]
,
where v∗, w∗ ∈ TuO+(M) with Tuπ ·v∗ = v and Tuπ ·w∗ = w. Here Ω(v∗, w∗) ∈ g denotes the
corresponding endomorphism of Rm+2 and u : Rm+2 → TxM the linear isomorphism deduced
from u ∈ O+(M), [16, Chap. 3]. Now, let ψ : (N,h,Z) → (M,g) be a causally oriented
lightlike hypersurface with ∇gZ a vector fiber bundle isomorphism. The curvature form Kω
of the Cartan connection ω in Theorem 5.4 satisfies Kω = Ψ∗(Ω). Therefore, for ξb, ζb ∈ TbQ
with p(b) = y, we get
Kω(ξb, ζb) = Ω(TbΨ · ξb, TbΨ · ζb) = Ψ(b)−1
[
Rg
(
Tb(ψ ◦ p) · ξb, Tb(ψ ◦ p) · ζb
)
◦Ψ(b)
]
. (36)
As a direct consequence from (36), we have.
1. The curvature form Kω = 0 if and only Rg vanishes identically on ψ(N). That is,
Rg(Tyψ · v, Tyψ · w) = 0 on Tψ(y)M for all v,w ∈ TyN .
2. For E =
(
1 0 0
0 0 0
0 0 −1
)
∈ g, the curvature function kω : Q→ Λ2(g/h)∗ ⊗ g satisfies
kω(b)(E + h, Y + h) = Ψ(b)−1
[ 1
λ(y)
Rg
(
Tyψ · Z(y), Tyψ · ω−1(Y )(y)
)
◦Ψ(b)
]
.
Hence, kω(b)(E + h, ∗) = 0 if and only if Rg(Tyψ · Z(y), Tyψ · v) = 0 on Tψ(y)M for all
v ∈ TyN .
Combining these two vanishing results with general characterizations of homogeneous models
[8, Prop. 1.5.2] and correspondence spaces [8, Theor. 1.5.14], we obtain.
Corollary 5.9. Let ψ : (Nm+1, h, Z) → (M,g) be causally oriented lightlike hypersurface of
a Lorentzian manifold (M,g). Assume (N,h,Z) is generic and the expansion function λ is
nowhere vanishing. Then,
1. (N,hω , λ−1Z) is locally isomorphic, as lightlike Cartan geometry, to the future lightlike
cone Nm+1 ⊂ Lm+2 if and only if Rg vanishes identically on ψ(N). In this case, the
lightlike metric hω = λ2h.
2. For every y ∈ N there is a small enough local twistor space π : U → M and a section
τ : M → U such that (U, hω, λ−1Z) is isomorphic, as lightlike Cartan geometry, to the
fiber bundle of scales of the conformal Riemannian manifold (M, [τ∗(hω)]) if and only if
Rg(Tψ ·Z, Tψ ·V ) = 0 for every V ∈ X(N) (see Remark 4.7). In this case, the lightlike
metric hω = λ2h.
Proof. Only the assertion hω = λ2h is not a direct application of [8, Prop. 1.5.2] and [8,
Theor. 1.5.14] from the above items 1) and 2), respectively. In both cases, [AZω ] is the
identity map, hence, for the vector field Zω = 1
λ
Z we get
[v] = [AZω(v)] =
[
∇gv
(
1
λ
Z
)]
=
1
λ
[∇gvZ], v ∈ TyN,
and therefore hω = λ2h.
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Corollary 5.10. Let ψ : (Nm+1, h, Z) → Lm+2 be causally oriented lightlike hypersurface.
Assume (N,h,Z) is generic and the function λ is nowhere vanishing. Then, (N,λ2 h, λ−1Z)
is locally isomorphic, as lightlike Cartan geometry, to the future lightlike cone Nm+1 ⊂ Lm+2.
Remark 5.11. The assumptions of Corollary 5.9 imply [AZω ] = IdE . Hence, from Remark
4.3, there exist local coordinates (s, r1, · · · , rm) in which the lightike metric has the following
local shape
h = exp(2s)
∑
1≤i,j,≤m
Cij(r1, · · · , rm)dri ⊗ drj .
6 Ambient Lorentzian metrics for lightlike manifolds
This section deals with a construction of an ambient Lorentzian metric (M,g) for certain light-
like manifolds (Nm+1, h, Z). That is, a Lorentzian manifold (M,g), which admits (N,h,Z)
as lightlike hypersurface, with expansion function λ = 1 and such that the generic condition
will permit to assure that ∇gZ is a vector bundle isomorphism and, therefore, Theorem 5.4
can be applied.
Let (Nm+1, h, Z) be a lightlike manifold. To star with, let us note that, without loss of
generality, the vector field Z can be assumed to be complete. In fact, we endow N with a
complete Riemannian metric g
R
. This metric g
R
always exists due to a theorem by Nomizu
and Ozequi [20]. Then, we replace Z by the vector field Z/‖Z‖g
R
which is complete. Let us
recall that the genericity condition on (Nm+1, h, Z) is independent of the choice of Z orienting
Rad(h) [5]. Thus, we get an action on the right N × R→ N given by the flows y 7→ FlZt (y).
Following the guideline example (section 2), we prefer a multiplicative action on the right
as follows
N ×R>0 → N, (y, s) 7→ FlZlog s(y) := y · s. (37)
Let us assume this action is proper and free. In this case, the orbit space M := N/R>0 is an
m-dimensional smooth manifold and the natural projection π : N →M is a trivial principal
fiber bundle with structure group R>0 (see for instance [28, App. E] or [9, Theor. 2.9]).
The manifold M = N/R>0 is physically interpreted as the surface of the light source and
π : N → M is a global twistor space for (N,h,Z) (Definition 4.2). In this situation, the
manifold N is a generalized conformal structure on M in the sense of [5] as follows,
N → Sym+(TM), y 7→ gy,
here Sym+(TM) denotes the positive definite symmetric bilinear forms on M and gy is the
positive definite scalar product on TxM obtained from the projection Tyπ : TyN → TxM .
Every section Γ :M → N of π gives a Riemannian metric onM by means of Γ∗(h). In general,
there is no relation between Riemannian metrics on M obtained from different sections of
π : N →M .
Remark 6.1. For lightlike hypersurfaces (N,h,Z) of a Lorentzian manifold (M,g), the con-
ditions proper and free for the action (37) are closely related with causality conditions on the
ambient manifold. For example, if (M,g) is globally hyperbolic, N is embeded in M and the
vector field Z can be extended to M as a causal vector field, then it is not difficult to get
from [9, Cor. 3.14] that the action (37) is proper and free.
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Every (spacelike) section Γ :M → N provides a diffeomorphism, that is, a global trivialization
of π : N →M as follows
M ×R>o → N, (x, s) 7→ FlZlog s(Γ(x)) = Γ(x) · s. (38)
Thus,M is endowed with a 1-parametric family of Riemannian metrics gs := (Γs)
∗(h) induced
from the sections Γs(x) := Γ(x) · s for all s > 0. Under the diffeomorphism (38), the lightlike
metric h and the vector field Z read as q|(x,s) = gs ⊕ 0 and s∂s, respectively (compare with
Remark 4.7).
In a similar way to the Lorentzian metric given in (15) for the guideline example Nm+1, we
will construct an ambient Lorentzian metric for (N,h,Z) when the vector field Z is complete
and the action (37) is proper and free. This construction is inspired by the ambient metric
construction by Feffermann and Graham [10]. To start with, let us fix a section Γ : M → N
and the corresponding trivialization (38). On the product manifoldM := (−ε,+ε)×M×R>0
(for small enough ε > 0), we define the family of ambient Lorentzian metrics
gσ |(ρ,x,s)= ds⊗ d(ρs) + d(ρs)⊗ ds+ σ2(ρ)gs, (39)
where σ ∈ C∞(−ε,+ε) with σ > 0 and σ(0) = 1. The function σ will be determined later.
The natural embedding of M × R>0 in M at ρ = 0 recovers the original lightlike metric q.
All metrics gσ satisfy gσ(∂s, ∂s) = 2ρ, g
σ(∂ρ, ∂ρ) = 0 and g
σ(∂s, ∂ρ) = s. The causal character
of the hypersurfaces M ×R>0 at constant ρ0 depends on the sign of ρ0. These hypersurfaces
are Lorentzian for ρ0 < 0 and Riemannian for ρ0 > 0. All metrics g
σ agree on the the band
B = (−ε,+ε)× R>0 and we write gσ|B := gB omitting the superscript σ.
Remark 6.2. The metrics gσ in (39) are not warped product metrics B×fM , [22, Chap. 7],
in general. Even more, we have gσ = g
B
+ f2(ρ, s)g1 for some f > 0 if and only if there is a
smooth function u(s) such that gs = e
2u(s)g1. Of course, gs = e
2u(s)g1 implies g
σ is a warped
product metric. Conversely, assume σ2(ρ)gs = f
2(ρ, s)g1. Take any gs-unitary tangent vector
vs. Then we have f(ρ, s) = σ(ρ)/‖vs‖1. Thus, the value ǫ(s) = 1/‖vs‖1 depends only on s.
Hence, f(ρ, s) = ǫ(s)σ(ρ) and we get gs = ǫ
2(s)g1. In this case, the manifold N is a generic
generalized conformal structure on the manifoldM [5, Def. 1.2] if and only if ǫ′(s) 6= 0. Under
the assumption ǫ′(s) 6= 0,
N → Sym+(TM), y = Γ(x) · s 7→ ǫ2(s)g1 |TxM
is a classical conformal structure on M . There is a natural choice for gσ when the metrics gs
are conformally related and the metric g1 is Einstein with Ric
g1 = 2λmg1 (m ≥ 3). Namely,
the Ricci flat metric [10, Sec. 7]
gσ = ds⊗ d(ρs) + d(ρs)⊗ ds+ (1 + λρ)2s2g1.
As a consequence of Remark 6.2, the formulas for the Levi-Civita connection and the
curvature of warped product metrics [22, Chap. 7] do not work for the metrics gσ. The
following Lemmas provide such formulas. Let πB and πM be the projections of M = B ×M
onto B andM , respectively. The vector fields on B orM can be lifted toM. The sets of such
lifts will be denoted by L(B) and L(M), respectively. We simplify the notation by writing
σ for σ ◦ π1, where π1 : M → (−ε, ε) is the projection on the first factor. Following the
terminology for warped products, the vectors tangent to B are called horizontal and vectors
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tangent to M vertical. We write nor and tan for the projections from X(M) to L(B) and
L(M), respectively. The vector fields
T =
1√
2
[
(1 + ρ/s2)∂ρ − (1/s)∂s
]
, E =
1√
2
[
(1− ρ/s2)∂ρ + (1/s)∂s
]
∈ X(B) ⊂ L(B) (40)
give an orthnormal basis of gB with T timelike. Thus, the Lorentzian manifold (M, g
σ) is
timelike orientable.
Lemma 6.3. On (M, gσ), for V,W ∈ L(M), we have for the Levi-Civita connection ∇σ
1. ∇σ∂ρ∂ρ = 0, ∇σ∂s∂ρ = 1s∂ρ, ∇σV ∂ρ = σ
′
σ
V and ∇σ∂s∂s = 0. In particular, the expansion
function of the lightlike hypersurface M × R>0 in M at ρ = 0 satisfies λ = 1.
2. tan(∇σVW |(ρ,x,s)) ∈ L(M) is the lift of ∇sVW where ∇s is the Levi-Civita connection of
gs = (Γs)
∗(h) and
nor(∇σVW |(ρ,x,s)) =
σ′
sσ
gσ(V,W )
(
− ∂s + 2ρ
s
∂ρ
)
− 1
s
gσ
(
∇σ∂sV,W
)
∂ρ.
Proof. Taking into account that ∂ρ, ∂s ∈ L(B) and V ∈ L(M), we have [∂ρ, V ] = [∂s, V ] = 0
and, of course [∂ρ, ∂s] = 0 and [V,W ] ∈ L(M). Now, the Koszul formula gives gσ(∇σ∂ρ∂ρ, F ) =
gσ(∇σ∂s∂s, F ) = 0 for all F ∈ X(M) and
gσ(∇σ∂s∂ρ, V ) = 0, gσ(∇σ∂s∂ρ, ∂s) = 1, gσ(∇σV ∂ρ, ∂s) = 0, gσ(∇σV ∂ρ,W ) =
σ′
σ
gσ(V,W ).
Thus, we obtain the required formulas in item 1).
Since V and W are tangent to {ρ} ×M × {s}, we know that tan(∇σVW |(ρ,x,s)) is the
covariant derivative applied to V and W restricted on {ρ} ×M × {s} (see for instance [22,
Chap. 4]). The metric on {ρ}×M ×{s} is σ2(ρ)gs and hence, it is homothetic to gs and the
homotheties preserves the Levi-Civita connection. Finally, we proceed as follows
nor(∇σVW ) = −gσ(∇σVW,T )T + gσ(∇σVW,E)E = gσ(∇σV T,W )T − gσ(∇σVE,W )E.
Substituting (40) into this formula and using item 2), we conclude the proof.
Remark 6.4. When the metric gσ is a warped product, we know from Remark 6.2 that
gσ = gB + σ
2(ρ)ǫ2(s)g1 and hence ∇σ∂sV = (ǫ′(s)/ǫ(s))V . In this case, Lemma 6.3 reduces to
the formulas for the Levi-Civita connection of such warped product metrics [22, Prop. 7.35].
On the contrary to the warped product metrics, the spacelike fibers {ρ} ×M × {s} ⊂ M
are not totally umbilical, in general. The mean curvature vector field of every such spacelike
fibers can be computed from Lemma 6.3 as follows
−→
H(ρ, x, s) =
σ′
sσ
(
− ∂s + 2ρ
s
∂ρ
)
− 1
ms2
(s divσ(∂s)− 1) ∂ρ.
Lemma 6.5. On (M, gσ), for V,W ∈ L(M), we have for the curvature tensor Rσ
1. Rσ(∂s, ∂ρ)∂ρ = 0, R
σ(V, ∂ρ)∂ρ = −(σ′′/σ)V, Rσ(∂ρ, ∂s)∂s = −(2/s2)∂ρ.
2. Rσ(V, ∂s)∂s = −∇σ∂s(∇σV ∂s), Rσ(V, ∂ρ)∂s = σ
′
sσ
V −∇σ∂ρ(∇σV ∂s).
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In particular, we get Ricσ(∂ρ, ∂ρ) = −mσ′′σ .
Remark 6.6. In order to link the ideas of this section with the Fefferman-Graham construc-
tion [10], we would like to recall the notion of ambient manifolds for Riemannian conformal
structures as appeared in [7]. Let (M, [g]) be a conformal Riemannian structure on a (n ≥ 2)-
dimensional manifold M . Let N ⊂ Sym+(M) be the fiber bundle of scales of the conformal
structure and π : N → Mm the projection. Every section of π provides a representative
g ∈ [g]. On N there are a free R>0-action (called dilations) defined by δ(s)(u) = s2u for
u ∈ N and a tautological symmetric 2-tensor h given by h(ξ, η) = u(Tuπ · ξ, Tuπ · η) for
ξ, η ∈ TuN. The tautological tensor h is a lightlike metric on N. An ambient manifold is
a (m + 2)-dimensional manifold M endowed with a free R>0-action and a R>0-equivariant
embedding i : N→M. If M is an ambient manifold, then an ambient metric is a Lorentzian
metric g
L
on M such that the following conditions hold.
1. The metric is homogeneous of degree 2 with respect to the R>0-action. That is, if
X ∈ X(M) denotes the fundamental vector field generating the R>0-action, then we
have LXgL = 2gL .
2. For all u = gx ∈ N and ξ, η ∈ TuN, we have i∗(gL)(ξ, η) = gx(Tuπ · ξ, Tuπ · η). That is,
i∗(g
L
) = h.
The original definition of an ambient metric in [10] adds certain conditions of Ricci-flatness
for the metric g
L
. This approach to the study of conformal geometry is in the roots of this
paper. In fact, we can read this construction in terms of lightlike manifolds as follows. To
start with, we focus on the lightlike manifold (N, h, Z) where Z is the fundamental vector
field generating the dilations. The vector field Z is complete and the action (37) is free and
proper (recall that π : N → M is a R>0-principal fiber bundle). Now, the surface of the
light source is the conformal Riemannian manifold M = N/R>0. The ambient manifold M
is a Lorentzian manifold and i : N → M realizes (N, h, Z) as a lightlike hypersurface. The
vector field X ∈ X(M) satisfies g
L
(X,X) ◦ i = i∗(h)(Z,Z) = 0 and i : (N, h, Z)→ (M, gL) is
causally oriented with respect to the timelike orientation induced by X on (M, gL). Morever,
the metric g
L
is homogeneous of degree 2 implies that ∇gLZ = Id. Hence, Theorem 5.4 can be
applied to i : (N, h, Z)→ (M, gL) and shows that there is a Cartan connection ω on the fiber
principal bundle Q ⊂ L(N) of all admissible linear frames of N which induces the original
tautological lightlike metric h and the vector field Z.
Remark 6.7. Assume m ≥ 3 and let (p : P → M,ω[g]) be the canonical Cartan geometry
of type (G,P ) corresponding to the conformal structure (M, [g]) (see for instance [8, Theor.
1.6.7]. Then, the quotient manifold P/H can be seem as the fiber bundle of scales N of the
conformal structure [8, Sec. 1.6.3].
We now return to our setting. Let (N,h,Z) be a generic lightlike manifold and assume Z
complete with the R>0-action given in (37) free and proper. Consider the orbit space M =
N/R>0 with projection π : N →M and fix a section Γ :M → N . Then, the diffeomorphism
(38) shows the lightlike manifold (N,h,Z) as the lightlike hypersurface (M × R>0, q, s∂s)
embedded at ρ = 0 in (M, gσ). Explicitly, we have
ψ : (N,h,Z)→ (M, gσ), y 7→ (0, π(y), s), where y = FlZlog s(π(y)). (41)
The lightlike hypersurface (41) is causally oriented with respect to the vector field −T in
(40) and, from Lemma 6.3, we know that expansion function λ = 1. The generic condition
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implies the null-Weingarten map [∇σZ] is a vector fiber bundle isomorphism (29). Moreover,
Lemma 6.5 gives that Ricσ(∂ρ, ∂ρ) = 0 reduces the family of metrics g
σ to the one-parametric
subfamily
gc = ds⊗ d(ρs) + d(ρs)⊗ ds+ (1 + cρ)2gs, c ∈ R.
Let γc ∈ Ω1(O+(M), g) be the (Ehresmann) principal connection form corresponding to the
Levi-Civita connection ∇c of gc and let Q be the principal fiber bundle of admissible linear
frames of N . We are in position to apply Theorem 5.4 for lightlike hypersurfaces as in (41).
Theorem 6.8. Let (Nm+1, h, Z) be a generic lightlike manifold with Z complete. Assume
the R>0-action given by the flow of Z (37) is free and proper. Then, for every spacelike
section Γ : N/R>0 := M → N and c ∈ R, the pull-back ωc := ψ∗(γc) ∈ Ω(Q, g) is a Cartan
connection. The lightlike metric hc and the vector field Zc deduced from ωc are hc
[∇
c
Z]−1
= h
and Zc = Z.
Example 6.9. Following [5], a lightlike manifold (N,h) is said to be simple if
1. There is a submersion π : Nm+1 → Mm such that the connected components of the
fibers π−1(x) are the leaves of the lightlike foliation.
2. For every x ∈M , the set of all inner products gy on TxM obtained from the projections
TyN → TxM is a regular generalized conformal structure. That is, the map
N → Sym+(M), y 7→ gy
is a submanifold tranverse to the fibers of the projection Sym+(M)→M .
Let (N,h,Z) be a simple and generic lightlike manifold. For every section Γ of π : N → M ,
there is a one parameter family of Cartan connections on the principal fiber bundle Q of all
admissible linear frames of (N,h,Z).
Example 6.10. When the metrics gσ are warped products (see Remark 6.2)
gσ |(ρ,x,s)= ds⊗ d(ρs) + d(ρs)⊗ ds+ (1 + cρ)2ǫ2(s)g1, (42)
the lightlike hypersurface (41) is totally umbilical with BZ =
ǫ′
ǫ
h, and the generic condition
holds if and only if ǫ′(s) 6= 0 for s > 0.
Example 6.11. Let (M,g0) be a Riemannian manifold. The Ricci flow is the PDE
∂
∂t
g(t) = −2Ric(g(t)), g(0) = g0,
where g(t) is a one-parametric family of Riemannian metrics on M and Ric(g(t)) are the
corresponding Ricci tensors. There exists T > 0 such that the solution g(t) of the Ricci flow
exists and is smooth and unique on [0, T ). The lightlike manifold
(N :=M × [0, T ), h = g(t)⊕ 0, Z = ∂t) (43)
is generic if and only if the Ricci tensors Ric(g(t)) are non degenerate.
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